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81. Introduction 


Let & > 2 be an integer. For any positive integer n, the Smarandache k-th power comple- 
ments function S;,(n) is defined as the smallest positive integer such that n5S;,(n) is a perfect 
k-th power, i.e., 

S,(n) =minf{m:nm=u", wEN}. 
In problems 27-29 of [42], Smarandache proposed some problems about S,(n). Later, many 
papers have been written on this subject. For example, Russo [41] presented some properties 
of S2(n). Further, Liu and Gou [27] proved 


Similar to the Smarandache k-th power complements function, the additive k-th power 
complements function T),(n) is defined as the smallest nonnegative integer such that T),(n) +n 
is a perfect k-th power, i.e., 


T,(n) =minf{m:n+m=ut, ueN}. 


Xu [45] studied the mean value of T;,(n) and proved that 


s T,(n) = ne a +O («?#) ; 


nN<ux 


Furthermore, various mean values involving 5;,(n) and T),(n) were studied. 
A nature number n is called a k-th power free number if it can not be divided by any p*, 


where p is a prime. On the other hand, If p | n implies p* | n, we call n is a k-th power full 
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number. Let A(k) denote the set of k-th power free numbers, 6(k) denote the set of k-th power 
full numbers. Let « > 1 be a real number, it is well-known that 


x 1 
S- 1=—~ +0 (x) : 
bee Ck) 
ne€A(r) 
In problem 31 of [42], Smarandache asked us to study the properties of the k-power free number 


sequence. Later, many scholars focused on the mean values of arithmetical functions over A(k) 
and B(k), i-e., 


fm, YS Fo): 


n<a n<ax 
n€A(k) n€B(k) 

In this paper, we make a survey on the Smarandache k-th power complements function, 
k-th power free sequence and related problems. In Section 2 and Section 3, we introduce some 
properties of S;,(n) and T,(n). In Section 4, we introduce some other complements functions. 
In Section 5, we make a survey on the k-th power free and k-th power full sequences. Finally, 
in Section 6, some other functions related to k-th power will be shown. 

Throughout this paper, we let x be a sufficiently large positive real number. By € we 
denote an arbitrary small positive number, not necessarily the same in different occurrence. 
Let co,¢1,C2,::* be constants which can be calculated. We also remark that c; are not the 
same in different occurrence. 

As usual ¢ is the Euler function, ¢ is the Riemann zeta function, py is the Mobius function, 
d is the divisor function and A is the Mangoldt function. If n = p}'ps$?---p%* denotes the 


factorization of n into prime powers, we define 
O(n) =a, +ag+-+-+ as, 


and w(n) is the number of distinct prime factors of n. In addition, let m be a positive integer, 
the arithmetical function 6,,(n) is defined as 


dm(n) = max{d € N: d|n,(d,m) = 1}. 


§2. Smarandache k-th power complements function 


§2.1 Properties of S(n) 


In [41], Russo considered the difference of S2(n). Later, Le [17] and Wang [43] proved that 
the difference |Sj(n + 1) — S2(n)| is infinite as n + oo. Furthermore, Hu and Yang [13] proved 
that for any positive integer b, when n — 00, |S2(n + b) — S2(n)| is also infinite. 

On the other hand, Wang [43] studied some diophantine equations related to S2(n) and 
concluded the following results: 

(i) So(n) = So(n + 1)S2(n + 2) has no solution. 
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(ii) S2(n)S2(n + 1) = So(n + 2) has no solution. 
(iii) For arbitrary positive integer m, the equation S2(ninz) = nj’S2(n2) has infinitely 
many solutions (m1, n2). 


(iv) For arbitrary integer m with m > 2, there are only two solutions to this equation 


So(n)™ + So(n)™} +++. + So(n) =n. 


§2.2 Series involving S;(n) 


In [41], Russo also proposed some problems in terms of the series related to S2(n). In 
particular, Russo showed that the series 


Sa (n 
ye 


n=1 


diverges. Le [18] [19] proved that 


St ak = of JA 
2 San 6<), CW aR 


are divergence as well. Furthermore, more series related to Smarandache k-th power comple- 
ments function were studied. The results are as follows. 
Liu and Wang [29], Lu and Wei [35]. 


2 log(S2(n)) 
ti 25 eS 


eas logn 
Fan [5]. 
S2(x) 
iii 
so > log S2(n) 
n<ux 
Qi [38]. 


aco S* log(So(n)) 1? : (ak LA 


Moreover, let s be a complex number with Re(s) > 1. Zhang [57] focused on the value of 


= it 
» (nSx(n))> 


n=1 


In [57], Zhang obtained some identities: 
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and 


oS if ¢?(4s) ( 1 ) ( if ) 
» (nSa(n))° —¢(88) II pel II pis +2 
Inspired by the work of Russo [41] and Zhang [57], many scholars studied some similar problems. 
Liu and Ma [31]. 


SS (-1)"-t ak -k-1 k—1 
as nS;,(n) = iO ( pk ). 


Zhang [53]. For any complex numbers s1, 82 with Re(s:) > 1 and Re(sz) > 1, we have 


Co 


1 1 
1 , p(k-1)81+(k=1)289 
> Ee 7 ¢(ks1) |] (: are Cire 


Pp 


Se ae Sa eed), ad 
SS ns1 Si.(n)82 iy O(k+1)sit(k—-1)s2 — 981—(k—1)?s2 » n1 Si, (n)*2 
n=1 n=1 
Lou [33]. Let s be an real number with s > 1. We have 
» 3- fen 

pa OS RON eet) (pi - 1) 
5m (n)=Sx(n) 


§2.3 Mean values of S;,(n) 


Let f(n) be an arithmetical function, many scholars focused on the mean value of f (5; (7)) 


and CHORE In particular, Liu and Gou [27] proved that 
Sy Sa(n) = Ha? +0 (x8) DS) (2) Ja +0 (log2). 
30 AC 


When f(n) is the divisor function, Lou [32] obtained the following asymptotic formula 


Ss d(S2(n)) = cx log x + cox +O (a) 


nN<ax 
6 1 1 
uta (p + 1)? 


_ 6 1 2(2p + 1) log p 
a= all() aay) (Dp i) 


For a general k, Chen [2] proved that 


where 


3 d(S;,.(n)) me aU RO (ot? log) : 


n<ux 
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where C1(k) is a constant depends on k. Later, Huang and Ma [15] improved the error term of 
Chen and obtained 


ba d(Sz(n)) = cotlog*« feeet Cr-12 log x + Cpu + O (x}+*) , 
n<a 
In addition, Yao [51] proved that 
oS d(nS;(n)) = x (co log” rt+c log*—! Pick esacc ck) +0 («?**) ; 
n<ax 


For other arithmetical functions, many scholars also obtained interesting asymptotic for- 
mulas. Their results are as follows. 
Liu and Lou [28]. 


where C'2(k) is a constant depends on k. 
Yang and Fu aoe 


p™ ot ae Ste 
ag Sin 5 I Toto ay +0 (2). 


es p|m 


Huang [14]. Let D(n) denote the number of the solutions of the equation n = ning with 
(n1,n2) =1. That is 
me 


d|n 
(4,3)=1 
We have 
_ 6¢(k)ax log x 2 dp 
22) I Dg a) Ca(k)x +0 (a3 +"). 


Xu [46]. Let n = p'ps?--- pe. The arithmetic function I,(n) and Ig(n) are defined as 


as—1 


Ti(n) = apt * ++ asp%—}, 


Then we have 


+O (270 + e) j 


6C(k(k + 1))a*+1 pee 
YE falSi(r))a(Se(n)) = SOD” H(: poe pee oo} 
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+O (oe) : 


Feng [6]. Let p be an odd prime, and let e,(n) denote the largest exponent of power p 
which divide n. We have 


k —1)p* — kp*7! 1 Pig 
S- €p (Sz (n)) a ( oo Wee 7 +O (23+ ) ‘ 


n<ux 


Ding [3]. Let H;,(n) =min{m:meEN, m*|n}. Then we have 


4 1 ae 
S © H2(S3(n) = er er O(a). 


n<ux 


Zhang [58]. Let h(n) =min{k:k EN, n|k!}. We have 


ak ak 
S > Se (h(n)) = at o( 5 ie 


er log* x 


Xue [47]. Let A={n EN: n| 5,(n)}. Then we have 


Yate) = SHEE TT (1 CME) seo), 


n<u 


neA 


where l, = [§]. Let B={n EN: S;(n) | n}. We also have 


didn oe ic (p, lz) f(log x) + O (27**) 


n<u 
neB 


where C(P, lz) is a constant depend on p and lz, and f(y) is a polynomial with degree lz = [£=*]. 


§2.4 values of log(S;(n!)) 


In [7], Fu and Yang proved 


2 ASS 
log(S2(n!)) = nlog2 + O | nexp ee 
(log log n) 5 


For a general k, Li [23] proved 


= 1 —C2 log® n 
log(S;(n!)) =n (: - 2, urn) +O [nes (see) : 
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§3. Additive k-th power complements function 


Similar to the Smarandache k-th power complements function, many scholars also focused 
on the mean values of f(Tj,(n)) and EOE where f(n) is an arithmetical function. In partic- 
ular, Xu [45] studied the case for f is the divisor function, he obtained 


1 1 
Le d(Ti.(n)) = (1 — :) xloga+ (2 +logk —2+ :) x+O (ot log) é 
n<x 
Yi and Liang [52] proved that 
3 2 B4.¢ 
Se, d(n + To(n)) = Tat lee z+exlogr+cox+O («' ) : 
1 
n<ux 


For other arithmetical functions, many scholars also obtained interesting asymptotic for- 
mulas. Their results are as follows. 
Liang and Yi [26]. 


SO(n + T3(n)) = 3x log log x + 3(c; — log3)x + O (= ) ‘ 
log x 


n<ux 


where c. = y+ Diy (log (1 - 1) + 1) ote Ce and y denotes the Euler constant. 
Guo [11]. 


S 5 O(n + Te(n)) = kr loglog.e + Key —logk)e+0 (% ): 
log x 


n<u 


where c2 =y+ Diy (log (1 - 1) + >). 
Ding [4]. [fk > 3 we have 


bal Be ak 7 O(a =); 
Do bin (Tel yk =) ‘lasat : 
p|lm 


n<ux 


Moreover, Lu [34] studied the infinity series 


- 1 
d, (n + Ty(n))s’ 


where s is a real number. Lu showed that the series is divergent if s > 1. For s > 1, we have 


—— wen al (P)cta—e +i) 


oat 
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§4. Other complements functions 


In addition to the k-th power complements function, Smarandache proposed other com- 
plements functions. For example, In problem 45 of [42], Smarandache asked us to study the 
factorial complements. The factorial complements function L,(n) is defined as 


[y(n) =min{m:mn=u!l, m>0, ue N}. 
Similarly, we can defined the additive factorial complements function: 
Lo(n) = minfm:m+n=u!, m>0, ue N}. 


In [8], Liu and Gao study the hybird mean value of £,(n) and Mangoldt function. They 
proved 


S > A(n )log(Z1(n)) = 52? loge + O (2?) 


nN<u 


Yang and Yang [50] obtained 


> 1 _ 2 log? x -O log? x log log log x 
Lo(n) +1 2logloga ' (log log x)? ; 


n<ux 


Inspired by these complements functions, many scholars constructed various forms of com- 
plements functions. Li and Li [20] defined the double factorial number complements function. 
That is 


L3(n) = min{m: mn = u!!, m>0, we N}. 


Li and Li [20] proved 


S7 A(n) )log(L3(n)) = 50? loge +O (2?) 


nN<ux 


Li and Yang [21] defined the additive hexagon number complements function D4(n): 
L4(n) = min{m:m+n=u(2u—1), m>0, ue N}. 


They proved 


1 3 3 2 
S> d(La(n)) = gtlogz + ($102 + 27 3) r+O(« 3). 


nN<ax 


Moreover, the prime additive complement function L;(n) is defined as 
Ls(n) = min{m:m+n=p, m>0, pis a prime}. 
In [42], Smarandache conjectured that it is possible to have k as large as we want 
ELECT 


included in the sequence {£5(n)}. Le [16] and Guo [10] proved that this conjecture is correct. 
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§5. k-th power free and k-th power full number sequences 


§5.1 k-th power free number sequence 


Many papers have been written on the mean values of arithmetical functions over A(k). 
That is 


S| f@), 


n<u 


n€A(k) 
where f(n) is an arithmetical function. When f(n) = n, Zhu [60] proved the following asymp- 
totic formula, 
2 


S- n= ary tO (27). 


n<ux 
n€A(3) 


In [60], Zhu also studied the cases for Euler function and divisor function, he obtained 


Xo) = 595 I (1-25) +0(«#*) 


and 


plogp ie 
4d arettor) oer) 


Zhang [54] studied the case for f(n) = w(n). Qing [39] improved Zhang’s result and obtained 


1 log | 
du w*(n) = a0) (a(log log x)* + c,x log log x + c2x) + O (= a 
n€A(k) 
The results for other arithmetical functions are as follows. 
Hong [12]. Let n = p{' pS? ---p%s. €1(n) is defined as 
(1) =1, &1(n) = pip2---s, 
and &9(n) is defined as 
fo(n) = (pt' — 1)(g? — 1) --- (se — 1) 
We have 
372 prk-2 —] oy. 
Xu i(n) = wil (1 at pektl 4 pak — paki at | +0 («? 3) , 
ne A(k41) 
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Qk+1 1 2k 
x p + p**—p-1 By 
S- £2(n) = uel (1 peti pekt3 4 pekti ) +O (2? =) : 


n<ux 
n€A(k+1) 


Ma [37]. Let q be a positive integer and let gq(n) = (q,n). We have 


C(q,m, k) Lips 
Xu dm( (gq(n ely. r+ O (« + ) 5 
n€A(k) 


where C(q,m,k) is a constant depend on q, m, and k. 
Li and Gao [24]. 


6am th 


= m+3y+e 
»~ Salt) = Gp ayga Rm) +O (« ) 
ne A(k) 


where C(k) is a constant depends on k. 


Weiyi Zhu [61]. 


6 4(n)) = EAE EEE + 0) +0 (2), 


n<ax 


neA(k) 


where C(k) is a constant depends on k. 


§5.2 k-th power full number sequence 
Xu [44] studied the mean values of some arithmetic functions over k-full number sequences, 


Ss f(n) 


n<ux 
n€ B(k) 


He studied the cases for the Euler function, the divisor function and and obtained the following 


results. 
6ka I+; 1 n 
» = (k 1) aera (+ 7 ) | O (altar), 
n<ax + (p+ 1)(pé — 1) 
neéB(k) 
6haltt Pp — pk Tact ase 
» +0) ee (2 T pit ap Epo ep +O(x ak 7 
n€B(k) 
d(n) = 14 ise okt . 
»u (n) 72 II saint —1) f (log x) ( ) 
n€B(k) 


where C(p,k) is a constant depend on p and k, and f(y) is a polynomial with degree k. 


10 
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86. Other functions related to k-th power 


§6.1 Smarandache k-th power free part function 


In problem 65 of [42], Smarandache proposed a k-th power free part function M;,(n). If 


n = pt'ps”---p%s denotes the factorization of n into prime powers, then 
My(n) = pips? ++ Be, 


where 8; = min(a;,k — 1). In other word, M;,(n) denotes the largest k-th power free number 
which divides n. Gou [9] studied the mean value of M;,(n) and proved 


S° Mx(n) = TIC: ao)” Oat). 


n<u 


Other conclusions related to M;,(n) are as follows. 
Li and Zhao [25]. 


aa) —¢y log® n 
log(M;,(n!)) = n\> ] +O [nes (sae) ; 


<a log log n)s 


Chen [1]. Define Mj(n) = ph pe? .. -p8>, where B; = a; if a; < k—1, and 6; = 0 if 


a; > k. For any real number s > 1, we have the identity 


> eae a uel 


n=l Males 


In addition, Zhang [55] studied the mean value of M3(n) and S;(n), he obtained the 
following asymptotic formulas. 


6x*t1 


= M3(n)Sk(n) = (k+ tnt Or) +O (aharts) . 


N<x 


gkt+1 : 
S (M3(n)S;,(n)) = = De Co(k) +O (ot*2+*) 


2 (Ms (n)Sx(n)) = “Fe flog r)+O (x3+*) 


n<x 


where C\(k) and C2(k) are constants depend on k, and f(y) is a polynomial with degree k. 


11 
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§6.2 k-th power part residue function 


Similar to the k-th power complements function, the k-th power part residue function 
G},(n) is defined as follows, 


Gx(n) = min {Eu | a weN}. 


Many papers have been written on the relations between G;,(n) and the arithmetical function 
dm(n). In particular, Liu and Gao [30] proved 


_ a*¢(2k) pe +1 i 3+. 
ddim (Gel) = “Seay Upereaen tO (2): 


na p|m 


Zhao and Ren [59] obtained the identity 


Sf 1 Ks) ae 
= = earl er 
= ns C(ks) 


Gr (n) 


where s > 1 is an real number. 


§6.3 Additive k-th power part residue function 


Similar to the additive k-th power complements function, the additive k-th power part 
residue function F},(n) is defined as follows, 


F,(n) = min {m:m > 0, m=n—ut, ueN}. 


The conclusions related to Fi,(n) are as follows. 
Zhang [58] 


d, Fi(n) = 50RD 1) ot +o (art). 


n<ux 


1 1 1 
S> d(Fk(n)) a (1- z) zlogx 4 (2 tlogk —2+ z) +O (a'-* loge). 


n<u 


Yang and Fu [49]. 


So bm (Fa (n)) = SRT Ne <7 # +0 (af). 


nN<ux pilm 


Ma [36]. Let p be an odd prime, and let e,(n) denote the largest exponent of power p 
which divide n. We have 


S- ep(Fa(n)) = =~ prto (= st) 


n<ux 


12 
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1 k-1 
SS Fin) +1 oa zk logk + (loga +y —k+1)r* + O(logz). 


n<ux 
Li [22]. Let r > 2 be an integer, we have 


S- L= 275 + One (xtttm), 


n<u 
F,(n) is r-free 


where the implied constants defend onr andk. Furthermore, assuming the Riemann Hypothesis, 
there holds 


by 1=Se+0 (28+), 
1 
n<u 
F2(n) is square-free 
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§1. The Smarandache digit sum function 


In this part, we will study the distribution properties of the sequences of digital function. 
First, we will consider a special case, when base 10. Many scholars gave exact calculating 


formulae for the mean value of digital function. 


Definition 1. For any positive integer n, let dg(n) denotes the sum of the base 10 digits of n. 
That is, 


n = a,10* + a210*? +... +. a510*, 


d,(n) =a, +ag+...4+ds5. 


X. Pan and X. Guo [7]. For any positive integer N, let N = 10742 Then for 
n= 3k+i(i=0,1,2), we have the calculating formulas 


d,(N°) =9- (4k +4) +1. 


For natural number x > 2 and arbitrary fixed exponent m € N, let 


Ap a= S— den) 


n<x 


W. Zhang [14]. For any positive integer x, let x = a,10" + az10*2 +... + a,10** with 
ky > ko >... > kg > 0 andl <a; < 9,71 = 2,38,...,8. Then we have the calculating formulas 


Ai(z) = So ai: shit Day — -10*; 
i=1 j=l 
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= +33) 9k; : dae tia, . 
Ae) = Yow ) 4 Bia, —1) 4 ra — MHD FD) 98 
j=l 
2 8 i-1 
+ So a;- (9k; — a; — 1)10" +2 S° a; 10% , So aj 
ae jai j=l 


For general integer m > 3, using the methods we can also give an exact calculating formula 


for Am(x). But in these cases, the computations are more complez. 


Definition 2. For any positive integer n, let b(n) denotes the product of base 10 digits of n. 
That is, 
n = a,10*! + a210*2 +... +.a510*s, 


b(n) = ay + Ag+... + As. 


For natural number x > 2 and completely multiplicative function f(n), let 
= YF F(o(n)) 
N<xr 


J. Gao and H. Liu [3]. For any positive integer x, let x = as10° + as_,10°"* +... + 
a,10+ a9, where 1 <a, <9,0< a; <9,7=0,1,...,s—1. Then we have the indentity 


; stl as 
A(x) =f I a | -#()- F'(0) 4 “ a a 


where F(N) = Donen f(n). 


Definition 3. For any positive integer n, let a(n) denotes the product of all non-zero digits in 


base 10 of n. For natural number x > 2 and arbitrary fixed exponent m €N, let 
= San 
N<xr 


W. Zhang [13]. For any positive integer x, let x = a,10" + ag10*2 +... +.a,10** with 
ky > ko >... > kg > 0 andl <a; < 9,71 = 2,38,...,8. Then we have the calculating formulas 


ze ds a? —a; +2 1 = ts 
ene 2S Ta: = (s+ gail) so 
O00 ~~ 202 - ta; +6 1 
A =— 12 s. a 4 oT Gi 285 4 286K -1 
2(z) ¢ 2 Ea ( E + 1 


where [x] denotes the greatest integer not exceeding x. 
For general integer m > 3, using the methods we can also give an exact calculating formula 
for Am(x). That is, we have the calculating formula 


Ae) = ap ag saa! a8 Te a (eal Bn(10) -(1 + Bm (10) 
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where Bin(N) = Yicnen nr”: 


Next, we consider the general case, when base n. H. Li, Q. Yang and J. Zhao gave many 


calculating formulae for the mean value of the Smarandache digit sum function base n. 


Definition 4. Assume n(n > 2) be a fixed positive integer, for any positive integer m in base n, 
let m= ayn™ + apn +... +a,n** where ky > ky >... > ke > 0 and1 <a; <n, i=1,2,...,s. 
Let 


a(m,n) = a, tag +... 4+ ds. 


For any positive integer r, let 
A,(N,n) = S- a” (m,n). 
m<N 
H. Li and Q. Yang [5]. Let N = an"! +agn*24+...ta,n** where ky > ko >... > ks > 0 
and1l<a;<n,i=1,2,...,s. Then 


s 


~ n 1 ES aj : 
A, (N, n) = > 5 k, 4 4 a; a a;n* 
i=l j=l 


For convenience, let 


ox(n) = 3 i*, di(n) = a SG n(n — ee 1) 


Q. Yang and H. Li [9]. Let N = ayn™ +agn*? +...+asn** where ky > ko >... > ks > 0 
and1l<a;<n,i=1,2,...,s. Then 


A2(N,n) = > faikida(n) + nobo(a;) + (rn — 1) G1 (ki) 1 (m) + 2kih1 (a4) 61 (7) 
+2a;k;b1(n) + ndy(a;) - x a;+ nai a;)*}n™, 


H. Li [4]. Let N = ayn™ + agn™ +...+ asn** where ky > ky >... > ks > 0 and 
1l<a,<n,i=1,2,...,s. Then 


s 


A3(N,n) = do (aikiGi(n)((2n Ly s(n 1) (ki — 3) ki) + 362(n)(2aib1(r) G1 (ki) + nkids (a:)) 
fangs (Gh — 1)$1(a;)b1 (ki) + kib2(ai)) + 0? 47 (ai) 
+3n() aj )(kiaiba(n) + nbo(ai) + (n — 1)aib1(n)b1 (ki) + 2kiGs (ai) 1 (m)) 
Snail a)2((n— hi +(e — D) + nPas(S a)*)nh—2 
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Definition 5. Assume n(n > 2) be a fixed positive integer, for any positive integer m in base n, 
let m = ayn™ + agn™ +... +a.n** where ky > ko >... > ks > 0 and1 <a; <n, i=1,2,...,s. 
Let 


For any positive integer r, let 


For convenience, let 


J. Zhao [10]. Let N = ayn™ + agn*2 +... +asn*s where ky > ko >... > ks > 0 and 
1l<a,<n,i=1,2,...,s. Then 


A2(N,n) = df [2kiaids (m)(b1 (Fi) or (n) + 3 =) — $1(ky)aj]/n + kyaibo(n) 
+[2kib2(n) — 11(as) + ndb2(ai) + a 2) eet 


Definition 6. Assume n(n > 2) be a fixed positive integer, for any positive integer m in base n, 
let m = ayn™ + agn® +... +a.n** where ky > ko >... > ks > 0 and1 <a; <n, i=1,2,...,s. 
Let 


and 


J. Zhao [11]. Let N = ayn! + agn? +... + asn* where ky > kp >... > ks > 0 and 
1l<a;<n,i=1,2,...,s. Then 


i—1 


A(N, n) = Se kaxh2(n) + noo (=) +na;i > ES hint. 


Qj a* 
i=1 : 


& 


j=l 


§2. The Smarandache digit sum function based on special 


sequences 


Next, we use a particular base, we refer to it as special squences, W. Zhang combined the 
base with the Lucas sequence {L,,} and the Fibonacci sequence {F;,}, B. Liu combined the base 
with the F.Smarandache deconstructive sequence {a,}. They gave good results. 
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Definition 7. The Lucas sequence {L,} and the Fibonacci sequence {F,,} (n = 0,1,2,...) are 


defined by the second-order linear recurrence sequences 


Ln+2 = Ln4i + Ln and Fy+2 = Fy+t +f, 


forn => 0, Lo = 2, Lf; = 1, Fo = 0 and F, = 1. 


Then we introduce a new counting function a(m) related to the Lucas numbers. By Pro- 
fessor F.Smarandache’s research on the Smarandache’s generalized base, we take the base as 
the Lucas sequence, then 


Definition 8. For any positive integer m may be uniquely written in the Smarandache Lucas 


base as: 


m= S- a; L;, with all a; = 0 or 1, 


i=l 


We define the counting function a(m) = a1 + ag +... +@n. For natural number N, let 


A,(N) = 55 a"(n), r=1, 2. 


n<N 


W. Zhang [12]. 1. For any positive integer k, we have the calculating formulae 


Ai(Ly) = S> a(n) = kFR-1 


n<Lr 


and 


Ao(Le) = =[(k — 1)(k — 2)Lp—2 + 5(k — 1) Fe—2 + 7(k — 1) Fe—-3 + 3Fi—1]. 


Ou] 


2. For any positive integer N, let N = Ly, + Le, +... + Le, with ky > ko >... > ks under 
the Smarandache Lucas base. Then we have 


Ai (N) = Ai(Li,) + N — Ley + Ar(N — Ly) 
and 


Ao(N) = Ao(Lx,) +N — Le, + Ao(N — Lp,) +2A1(N — Lp,). 


Further, 


Ss 


Ai(N) = So [kiFe,—1 + (6 - 1)Leg]- 


i=l 


Definition 9. F. Smarandache deconstructive sequence is defined as 


{an} = {1, 23, 456, 7891, 23456, 789123, ...}. 
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B. Liu [6]. 1. Let {an} be F. Smarandache deconstructive sequence and S(n) denotes 


the sum of the base 10 digits of n, then for any real number x > 1, we have 


5 Ing]? 15 Inzx 
Dd, San) = 5° Fea re Fe ee) 


An <x 


where [x] denotes the greatest integer not exceeding x. 
2. Let {an} be F. Smarandache deconstructive sequence, then for any real number x > 1, 


we have 


5 5 5 
D2 S(an) = 5°27 + 5-2 +O(1). 


n<u 


Obviously, his results can be generalized. Let S;,(m) denote the k-th power sum of the base 
10 digits of n. That is, 
n = a,10" + a210*? +... + a510*, 
S.(n) =a¥ +ak +... +a. 
Then B. Liu generalized the results to k times. 


3. Let {an} be F. Smarandache deconstructive sequence and k be any fixed positive integer, 


then for any real number x > 1, we have 


Y Se(a,) =. pe) +0. |B] +000), 


An <x 


where c(k) = 1% + 2* + 3* + 4* + 5* + 6% + 7* + 8% + 9* is a computable constant. 


4. Let {a,} be F. Smarandache deconstructive sequence and k be any fixed positive integer, 


then for any real number x > 1, we have 


Y Selan) = 2) 0? + Dg +000. 


n<ux 


§3. The Smarandache digit sum function in finite fields 


Finally, we consider the Smarandache digit sum function in finite fields and Swaenepoel, 


Dartyge, Mauduit and Sarkdzy gave some interesting results. 


Definition 10. Let p be a prime number, q = p” with r > 2, and consider the field Fy. Let 
B= {a1,42,...,ar} be a basis of the linear vector space formed by Fy over Fy, t.e.. Then every 


x € Fy has a unique representation 
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Dartyge and Sarkézy [2]. 1. Letc ce F,. We define Q. as the set of the squares of Fy 
such that their sum of digits is equal to c: 


Q. = {x € F,: Sg(x) =c and Jy € F, such that y? = cz}. 
Then we have: 
prt 
ou = — < Va 
2. Let f € Fy[X] be of degree n with (n,q) =1. For allc € F,, We define the sets: 
D(f,c) = {x € Fy : Sp(f(«)) = c}. 
Then we have: 
ID(f,0)| -—v" | < (n- 1) v4. 


3. We denote G as the set of the generators (or primitive elements) of FT. Let f € Fy|X] 
be of degree n with (n,q) =1 and for c € F, we consider the sets 


G(f,c) = {9 €G: Sa(f(g)) = ¢h- 


Then we have: 


e(f,0)| — S42 
Pp 


where T(n) denotes the divisor function. 


Definition 11. Let p be a prime number, q = p" with r > 2, and let B = {aj,ao,...,a,} be a 
basis of Fy over Fp. For1 <j <r, we define the j-th digit function €; on Fy by 
: 
€j oS CjQy = Cj 
j=l 


with cj € Fp. 


Swaenepoel [8]. 1. For P € F,[|X] is a polynomial of degree n > 1 with (n,k) = 1, for 
l<k<r, for JC {1,...,r} with |J| =k and for a= (a;)je7. We define the sets: 


F,(P,k, J,a) = {x € Fy: 6;P((x)) = a; for all j € J}. 


Then we have: 


= k; 


k 
q pra 
|F(P, k, J, a)| oF < 5 (n— 1),/q, 


in particular, if 
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then Fy(P,k, J,a) #0. 
2. Ifp > 3 then, for anyae FU, forl<k<r, for JC {1,...,r} with |J| = k and for 


a=(a;)jer. We have 


vA if a #0 and r is odd, 
Boos al , tf a#0 andr is even, 
|Fy(aX2, k, J,o)|- 1] < (G-x) va vor 
Pp 0 if a =0 and r is odd, 
P 


pF V4 if a =0 and r is even. 


3. We denote G as the set of the generators (or primitive elements) of Ft. For P € Fy|X] 
is a polynomial of degree n > 1 with (n,k) =1, forl<k<r, for JC {1,...,r} with |J| =k 
and for a = (a;)je7. We define the sets: 


GO Fy (Pk, J,a) = {9 €G:6;P((g)) = a; for all j € J}. 


Then we have: 


o(q-1)| - pP*-1¢(q-1) 


NF, (P,k, J. 
IGN F,(P.k, Jyea)| — ae 


((n2°-) — 1) ya+1), 


where w(m) denotes the number of distinct prime factors of m. 


In particular, if 


nea) y/afeee? 
then GN Fg(P,k, J,a) #0. 


Definition 12. Let p be a prime number, q = p" with r > 2, and let B = {a1, d2,...,a,} be a 
basis of Fy over F,. Let us fix a set D C {0,1,2,...,.p—1} with 2< |D| <p—1. We define the 


set: 
‘i 


Wp ={x= So ejay with (c1,...,¢,) € D’}. 


j=1 


For convenience, we will use the notation 


if2<t<p-l, 


p? 
2+ = 2. (1-log(2sin Z)), ift=p—1. 


log p 1/4 log 3 ji 
+i (4 )+ 
t t\3 2 
C(p, t) = 


Dartyge, Mauduit and Sarkézy [1]. 1. We denote Q as the set of the squares of Fy. 
Let D CF, with 2 <|D| <p—1. Then we have: 


< 5 ((Di+pvp— Dl) 


2/4 


W. 
Iwo nai - Mel 


2. We suppose that D = {0,1,...,t} with2<t<p-—1. Then we have: 


(C(p, t)t,/p)’ . 


Vol. 15 A survey on Smarandache notions in number theory: the Smarandache digit sum function 25 


3. LetD CF, with 2 <|D| <p—1 and f(x) € Z[x] with degreen > 2. Then we have: 
(IDl+pVp—BI) 


4. We suppose that D = {0,1,...,t} with2<t<p-—1 and f(x) € Za] with degree n > 2. 
Then we have: 


n—-1 
|Wo(f)| — |Wol| < Ta 


\|Wo(f)| — |Woll < (n — 1) (C(p, ttyp)’ 


We denote G as the set of the generators (or primitive elements) of F7. For f(x) € Fy[X] 
we define the sets: 


Wol(f,9) ={9 €G: f(g) € Wo}. 


5. LetD CF, with 2 < |D| < p—1 and f(x) € Zia] with degreen > 2. Then we have: 


Iwote. a) Wor SAD] < (2 SED) (iD) + pvp =TBI) 


6. We suppose that D = {0,1,...,t} with2<t<p-—1 and f(x) € Z[x] with degree n > 2. 
Then we have: 


oq 


Irotr.9) = (PIF an) < (1+ (n-1)r(q- 1))- (Cp, typ)". 
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81. Introduction 


None mathematical tools can successfully deal with the several kinds of uncertainties in 
complicated problems in engineering, economics, environment, sociology, medical science, etc, 
so Molodtsov [18] introduced the concept of a soft set in order to solve these problems in 1999. 
However, there are some theories such as theory of probability, theory of fuzzy sets [26], theory 
of intuitionistic fuzzy sets [4], theory of vague sets [10], theory of interval mathematics [11] and 
the theory of rough sets [20], which can be taken into account as mathematical tools for dealing 
with uncertainties. But these theories have their own difficulties. Maji et al. [16] introduced 
a few operators for soft set theory and made a more detailed theoretical study of the soft 
set theory. Recently, study on the soft set theory and its applications in different fields has 
been making progress rapidly [9, 22,25]. Shabir and Naz [24] introduced the concept of soft 
topological spaces which are defined over an inital universe with fixed set of parameter. Later, 
Zorlutuna et al. [27], Aygunoglu and Aygun [5] and Hussain et al [13] are continued to study the 
properties of soft topological space. They got many important results in soft topological spaces. 
Weak forms of soft open sets were first studied by Chen [8]. He investigated soft semi-open sets 
in soft topological spaces and studied some properties of it. Arockiarani and Arokialancy [3] are 
defined soft G-open sets and continued to study weak forms of soft open sets in soft topological 
space. Later, Akdag and Ozkan [1,2] defined soft a-open (resp. soft b-open) (soft a-closed 
(resp. soft b-closed)) sets. 
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The concept of bitopological spaces was introduced by Kelly [14]. A non-empty set X, 
equipped with two topologies 7; and 7» is called a bitopological space, denoted by (X, 71,72). 
Later on several authors were attracted by the notion of bitopological space. Many notions 
of topological spaces were studied on considering bitopological space. In 2014, Ittanagi [6] 
introduced the concept of soft bitopological space subsequently Guzide Senel and Naim Cagman 
[12] introduced the concept of soft bitopological space. The notion of locally closed set in 
a topological space was introduced by Kuratowski and Sierpienski [15]. It is also found in 
Bourbaki [7]. In 2001, Nasef [19] have introduced and studies b-locally closed sets in topological 
space. 

In this paper we introduce the notion of soft b-locally open sets, soft bLO*-sets, soft bLO**- 
sets in soft bitopological spaces and obtain several characterizations and some properties of these 
sets. 


§2. Preliminaries 


In this section, we recall some definition and concepts discussed in [13,17,24,27]. Through- 
out this study X and Y denote universal sets, E' denote the set of parameters, A, B,C, D, K,T C 
E. Let X be an initial universe and FE be a set of parameters. Let P(X) denote the power set 
of X and A be a nonempty subset set of E. A pair (F, A) is called a soft set over X, where F' is 
a mapping given by Ff’: A > P(X). For two soft sets (F,A) and (G, B) over common universe 
X, we say that (F, A) is a soft subset (G, B) if A C B and F(e) C G(e), for all e € A. In this 
case, we write (F,A)C(G, B) and (G, B) is said to be a soft super set of (F, A). Two soft sets 
(F, A) and (G,B) over a common universe X are said to be soft equal if (F,A)C(G, B) and 
(G, B)C(F, A). The soft set (F,A) over X such that F(e) = {x} V e € E is called singleton 
soft point and denoted by xg or (x, E). A soft set (F', A) over X is called null soft set, denoted 
by ®, if for each e € A, F (e) = ®. Similarly, it is called absolute soft set, denoted by xX , if for 
each e € A, F(e) =X. 

The union of two soft sets (FA) and (G,B) over the common universe X is the soft set 
(H,C), where C = AUB and for each e € C, 


F(e) e€A-B 
H(e) = G(e) ec B-—A 
F(e)UG(e) e€ ANB 


We write (F, A) U (G, B) = (H,C). Moreover, the intersection (H,C) of two soft sets (F, A) 
and (G, B) over a common universe X, denoted by (F', A) (G, B), is defined as C = ANB and 
H(e) = F(e)N Ge) for each e € C. The difference (H, E) of two soft sets (F, FE) and (G, E) 
over X, denoted by (F, E) — (G, E), is defined as H(e) = F(e) — G(e), for each e € E. Let Y 
be nonempty subset of X. Then Y denotes the soft set (Y,E) over X where Y(e) = Y for each 
e € E. In particular, (X, £) will be denoted by X. Let (F, FE) be a soft set over X and « € X. 
We say that x € (F, E), whenever x € Fe), for each e € E [21]. 

The relative complement of a soft set (F, A) is denoted by (F, A)’ and is defined by (F, A)’ = 
(F, A) where F’ : A> P(X) is defined by following 
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F(e)=X-—F(e), Vee A 


In this paper, for convenience, let S'S(X, F) be the family of soft sets over X with set of 
parameters EF. 

Let 7 be the collection of soft sets over X. Then 7 is called a soft topology [24] on X if 7 
satisfies the following axioms: 


(i) & and X belongs to r. 
(ii) The union of any number of soft sets in 7 belongs to rT. 
(iii) The intersection of any two soft sets in 7 belongs to rT. 


The triple (X,7, E) is called soft topological space over X. The members of 7 are said to 
be soft open in X, and the soft set (F, £) is called soft closed in X if its relative complement 
(F, E)’ belongs to r. Let (X,7, E) be a soft topological space and (F, A) be a soft set over X. 
Soft closure of a soft set (F,A) in X is denoted by 

scl(F, A) =(){(F, E) | (F, E)3(F, A), (F,E) is a soft closed set of X}. 

Soft interior of a soft set (F', A) in X is denoted by 

sint(F, A) = ULF, B) | (F,B)C(F, A), (F,B) is a soft open set of X}. 

Definition 2.1. /2] Let (X,7, E) be a soft topological space, the soft set (F, A) is said to 
be soft b-open if (F, A)Cscl(sint(F, A))Vsint(scl(F, A)). 

Definition 2.2. [23] Let X be a nonempty soft set on the universe X, 7, and T2 be two 
different soft topologies on X. Then CX, 71,72, E) is called a soft bitopological spaces (for short, 
sbts). 


§3. Soft b-locally open sets in soft bitopological space 


In this section we introduce the notions of soft b-locally open sets (in short, SbLO-sets), 
SbLO*-sets, SbLO**-sets in soft bitopological spaces. 

Definition 3.1. A soft set (F, A) of a sbts (X,™|,72, E) is called (1, 72)-soft locally open 
(in short, (71,72)-SLO) if (F, A) = (F, B)U(F,C) where (F, B) is 71-soft closed and (F,C) is 
T2-soft open in (X,71, 72, E). 

Definition 3.2. A soft set (F, A) of a sbts (X,71,72,E) is called (™,72)-soft b-locally 
open (in short, (11,72)-SbLO) if (F,A) = (F, B)U(F,C) where (F,B) is 7-soft b-closed and 
(F,C) is T2-soft b-open is (X,71, 72, E). 

Definition 3.3. A soft set (F,A) of a sbts (X,™,72,F) is called (™,72)-SbLO* ) if 
there exist a T,-soft b-closed set (F,B) and a T2-soft open set (F,C) of (X,71,72, E) such that 
(F, A) = (F, B)U(F,C). 

Definition 3.4. A soft set (F,A) of a sbts (X,1,72, FE) is called (™1,72)-SbLO**) if 
there exist a T-soft closed set (F,B) and a 72-soft b-open set (F,C) of (X,71,72,E) such that 
(F, A) = (F, B)U(F,C). 

The collection of all (71,72)-SLO (respectively (71, 72)-SbLO, (7,72)-SbLO*, (11, 72)- 
SbLO**-sets of (X,71, 72, £) will be denoted by (7, 72)-SLO(X) (respectively (71, 72)-SbLO(X), 
(71, T2)-SbLO*(X), (71, 72)-SbLO**(X)). 
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Theorem 3.5. Let (F, A) be a soft set of a sbts (X,71,72,E). Then if (F, A)€(11, T2)- 
SLO(X), then 


(i) (F, A)E(11, T2)-SbLO*(X). 
(ii) (F, A)E(™, T2)-SbLO**(X). 


Proof. (i) Since (F, A)€(71,72)-SLO(X), so there exist a 7-soft closed set (F,B) and a 72- 
soft open set (FC) such that (F, A) = (F, B)U(F,C). Since (F, B) is 7-soft closed, we have 
sint(scl(F, B))C(F, B) and sel(sint(F, B)C(F, B). 

Therefore sint(scl(F, B))Ascl(sint(F, A))C(F, B). Hence (F, B) is 7-soft b-closed. Thus 
we have (F, A) = (F,B)U(F,C), where (F, B) is 7-soft b-closed and (F,C) is T2-soft open. 
Hence (F, A)E€(71, T2)-SbLO*(X). 

(ii) Let (F, A)E(71, 72)-SLO(X). Then we have (F, A) = (F, B)U(F, C), where (F, B) is 1- 
soft closed and (F, C) is T2-soft open. Since (F, C) is T2-soft open , we have (F, C)Csint(scl(F, C)) 
and (F, C)Csel(sint(F,C)). Therefore (F, C)Cscl(sint(F, C))Usint(scl(F,C)). Hence (F, C) is 
T-soft b-open. Now we have (F, A) = (F, B)U(F,C), where (F, B) is 7-soft closed and (F,C) 
is T2-soft b-open. Hence (F, A)€(71, T2)-SbLO**(X). This completes the proof. 


Remark 3.6. The converse of Theorem is not necessarily true. It is clear from the 
following example. 

Example 3.7. Let X = {hi,ho,h3}, E = {e1,e2}, 71 = {®, X, (Fi, E), (Fo, E), (Fs, E)} 
and T2 = {&, X, (Fo, E)}, where (Fi, E), (Fo, F) and (F3, FE) are soft sets over X defined as 
follows: 

Fy(e1) = {hi}, Filez) = {hat 

Fp(e1) = {ha}, Fo(e2) = {ha} 

F3(e1) = {hi, ha}, F3(e2) = {he, ha} 
Clearly 7 and T2 are defines a soft topology on X and thus (X,71,72,F) is sbts. The soft set 
(F4, E) which defined as follows 

Fi(e1) = {hi}, Fa(e2) = {hi, ho} 
is T,-soft b-closed set and (F2, E) is T2-soft open set then (Fy, E)U(F2, E) = (F, E)(= {F(e1) = 
{hi,ho}, F(e2) = X})E(n1, 72)-SbLO*(X) but (F, E)€(11, 72)-SLO(X). 

Example 3.8. Let X = {hy,ho,h3}, E = {e1,e2}, 1 = {©,X,(F,E)} and m = 
{, X, (F,, E), (Fo, E), (F3, E)}, where (Fi, E), (Fo, E) and (F3, E) are soft sets over X defined 
as follows: 

Fy(e1) = {hi}, Filez) = {ha} 

Fe(e1) = {ho}, Fe(e2) = {hs} 

F3(e1) = {iho}, F3(e2) = {he, hs} 
Clearly 7 and T2 are defines a soft topology on X and thus (X,71,T2,F) is sbts. The soft set 
(F4, E) which defined as follows 

Fy(e1) = {hi}, Fa(eo) = (ha, ho} 
is Tq-soft b-open set and (Fy, E)! is 7,-soft closed set then (Fo, E)/U(Fi, E) = (F, E)(= {F(e1) = 
{hi,h3}, F(e2) = {hi, ho}})E(n, T2)-SbLO*™(X) but (F, E)€(1,72)-SLO(X). 

Theorem 3.9. Let (F,A) be a soft set of the sbts (X,m1,72,E). If (F, A)€(m1, 72)- 
SbLO*(X), then (F, A)E(71, 72)-SbLO(X). 
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Proof. Let (F, A)€(71,72)-SbLO*(X). Then there exists a 7)-soft b-closed set (F,B) and a 
T2-soft open set (F,C) such that (F, A) = (F, B)U(F,C). Since (F,C) is T2-soft open, we have 
(F, C)Csint(sel(F, C)). 

Further we have (F, C)Csel(sint(F, C)). Thus we have (F, C)Cscl(sint(F, C))Usint(sel(F,C)). 
Hence (FC) is a T9-soft b-open set. Thus there exist a 7-soft b-closed set (F,B) and 72-soft 
b-open set (F,C) such that (F, A) = (F, B)U(F,C). Therefore (F, A)E(71, 72)-SbLO(X). 


Remark 3.10. The converse of Theorem is not always true. It follows from the following 
example. 
Example 3.11. Let X = {hj,ho,h3}, E = {e1,e2}, 1 = {®,X,(F,E)} and m = 
{®, X, (Fo, E)}, where (F,, E) and (F2,E) are soft sets over X defined as follows: 
Fi(e1) = {ha}, Pilea) = {ha} 
Fe(ei) = {hi}, Fo(e2) = {hs} 
Clearly 7, and T2 are defines a soft topology on X and thus (X,71,72,F) is sbts. The soft set 
(F, E) which defined as follows 
F(e1) = {he}, Fle2) = {ha} a 
is 7-soft b-closed set and T2-soft b-open set then (F, E)E(11, 72)-SbLO(X) but (F, E)€¢(™, 72)- 
SbLO*(X). 
Theorem 3.12. Let (F,A) be a soft set of a sbts (X,11,72,E). If (F, A)€(11, 72)- 
SbLO**(X), then (F, A)E(71, T2)-SbLO(X). 


Proof. The proof is easy, so omitted. 


Remark 3.13. The converse of Theorem is not always true. It follows from the following 
example. 

Example 3.14. In Example , the soft set (F,E)€(t,,72)-SbLO(X) but (F, E)€(t1,72)- 
SbLO**(X). 

Theorem 3.15. Let (F,A) and (F,B) be any two soft sets of a sbts (X,71,72,F). If 
(F, A)E(m1, T2)-SbLO(X) and (F, B) is 7-soft b-closed and T2-soft b-open, then (F, A)A(F, B)é 
(71, T2)-SbLO(X). 


Proof. Since (F, A)€(71,72)-SbLO(X), then there exist a 71-soft b-closed set (G, C) and a 72-soft 
b-open set (G, D) such that (F, A) = (G, C)U(G, D). 

We have (F, A)N(F, B) = ((G,C)U(G, D))N(F, B) = ((G, C)A(F, B))U((G, D)A(F, B)). 
Since (F, B) is 71-soft b-closed, then (G, C)A(F, B) is 71-soft b-closed. Since (F, B) is T2-soft b- 
open, then (G, D)A(F, B) is T2-soft b-open. Then there exist a 7,-soft b-closed set (G, C)A(F, B) 
and a 72-soft b-open set (G, D)A(F, B) such that (F, A)A(F, B) = ((G, C)A(F, B))U((G, D)A(F, B)). 
Hence (F, A)A(F, B)E (71, T2)-SbLO(X). 


Theorem 3.16. Let (F, A)E(m,72)-SbLO*(X) and (F, B) be a 7 -soft closed and 72-soft 
open sets of (X,71,72, E), then (F, A)A(F, B)E(m1, 72)-SbLO*(X). 


Proof. Since (F, A)E(11, T2)-SbLO*(X). Then there exist a 7-soft b-closed set (G,C) and 
a T2-soft open set (G,D) such that (F,A) = (G,C)U(G,D). We have (F,A)N(F,B) = 
((G, C)U(G, D))A(F, B) = ((G,C)A(F, B))U((G, D)A(F, B)). Since (F, B) is 7-soft closed, 
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(G,C)A(F, B) is 71-soft b-closed set. Further (F, B) is 7T2-soft open, therefore (G, D)N(F, B) 

is T2-soft open. Thus there exist a 7,-soft b-closed set (G,C)A(F, B) and a 79-soft open set 

(G, D)A(F, B) such that (F, A)JA(F, B) = ((G, C)N(F, B))U((G, D)A(F, B)). 
Hence (F, A)A(F, B)E(71, 72)-SbLO*(X). 


Theorem 3.17. Let (F, A)€(m1,72)-SbLO**(X) and (F, B) be a7 -soft closed and T2-soft 
open sets of (X,71,72,E), then (F, A)A(F, B)E(71,72)-SbLO**(X). 


Proof. Since (F, A)€(1, 72)-SbLO**(X). Then there exist a 7,-soft closed set (G,C) and 

a T2-soft b-open set (G,D) such that (F,A) = (G,C)U(G,D). Clearly (F,A)N(F,B) = 

((G, C)U(G, D))A(F, B) = ((G,C)N(F, B))U((G, D)A(F, B)). Since (F, B) is 71-soft closed, 

therefore (G, C)A(F, B) is T1-soft closed set. Again (F, B) is T2-soft open, therefore (G, D)A(F, B) 

is T-soft b-open. Then there exist a 7,-soft closed set (G,C)A(F, B) and a T2-soft b-open set 

(G, D)A(F, B) such that (F, A)A(F, B) = ((G, C)A(F, B))U((G, D)A(F, B)). 
Hence (F, A)A(F, B)E(71,72)-SbLO**(X). 


Theorem 3.18. Let (F,A) be a soft set of a sbts (X,71,72,E). Then (F, A)E€(11, T2)- 
SbLO*(X) if and only if (F, A) = (F, B)UrT2-sint(F, A) for some 7,-soft b-closed set (F, B). 


Proof. Let (F, A)€(71,72)-SbLO*(X). Then (F, A) = (F, B)U(F,C), where (F, B) is 7-soft b- 
closed and (F, C) is T2-soft open set in (X, 71,72, Z). Since (F, B)C(F, A) and 72-sint(F, A)C(F, A). 
We have 


(F, B)Ur2-sint(F, A)C(F, A). (1) 
Further 72-sint(F, A)>(F,C). Therefore 
(F, B)Ur2-sint(F, A)>(F, B)U(F,C) = (F, A). (2) 


From (1) and (2) we have (F, A) = (F, B)Ut9-sint(F, A). 
Conversely, given that (F', B) is 7-soft b-closed. We have 79-sint(F, A) is Ta-soft open. Thus 

there exist a 71-soft b-closed set (F', B) and a 79-soft open set T2-sint(F, A) in (X,71, 72, E) such 

that (F, A) = (F, B)Ut9-sint(F, A). 
Hence (F, A)€(71, T2)-SbLO*(X). 


Theorem 3.19. Let (F,A) and (F,B) be any two soft sets of the sbts (X,71,72,E). If 
(F, A)E(m1, T2)-SbLO(X) and (F, B) is either 7-soft b-closed or T2-soft b-open, then (F, A)U(F, B) 
E(71,72)-SbLO(X). 


Proof. Since (F, A)€(7,72)-SbLO(X), then there exist a 7,-soft b-closed set (G, C) and a 72-soft 
b-open set (G, D) such that (F, A) = (G,C)U(G, D). 
We have (F, A)U(F, B) = ((G,C)U(G, D))U(F, B) = ((G,C)U(F, B))U(G, D 
is T,-soft b-closed, then (G,C)U(F, B) is also 7-soft b-closed. Hence (F, A)U(F, 
(G 
) 


If (F, B) 
)E (71, T2)- 
(Ff, B) 


SbLO(X). Let (F,B) be 72-soft b-open, then (F, A)U(F,B) = ((G,C)U(G, D) = 
JE(t1,72)- 


). 
B 
JU 
(G, C)U((G, D)U(F, B)), where (G, D)U(F, B) is T2-soft b-open. Thus (F, A)U(F, B 
SbLO(X). 
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Theorem 3.20. If (F, A)€(71,72)-SbLO*(X) and (F, B) is either 71 -soft closed or T2-soft 
open set of (X,1,72,E) then (F, A)U(F, B)E(11, 72)-SbLO*(X). 


Proof. Since (F, A)€(11,72)-SbLO*(X), then (F, A) = (G,C)U(G, D), where (G,C) is 7-soft 
b-closed set and (G, D) is 72-soft open set of (X,71, 72, E). 

Now (F, A)U(F, B) = ((G, C)U(G, D))U(F, B) = ((G, C)U(F, B))U(G, D). Let (F, B) be 
7-soft closed, then (G,C)U(F, B) is also 71-soft b-closed, where (G,C) is 71-soft b-closed set. 
Hence (F, A)U(F, B)E(1, 72)-SbLO*(X). If (F, B) is T2-soft open, then (G, D)U(F, B) is T2- 
soft open. Now (F,A)U(F,B) = ((G,C)U(G, D))U(F, B) = (G,C)U((G, D)U(F, B). Thus 
(F, A)U(F, B)E(11, T2)-SbLO*(X). 


Theorem 3.21. [f (F, A)E(™,72)-SbLO**(X) and (F,B) is either 7-soft closed or 
T2-soft open set of (X,71,72) then (F, A)U(F, B)E(T1, T2)-SbLO**(X). 


Proof. The proof is easy, so omitted. 


Theorem 3.22. If (F,A), (F,B)€(n1,72)-SbLO(X), then (F, A)U(F, B)E (11, 72)-SbLO(X). 


Proof. Let (F, A), (F, B)€(71,72)-SbLO(X). Then there exist 7,-soft b-closed sets (G, C), (G, K) 
and 72-soft b-open sets (G, D), (G,T) such that (F, A) = (G,C)U(G, D) and (F, B) = (G, K 
We have (F, A)U(F, B) = ((G, C)U(G, D))U((G, K)U(G, T)) = ((G, C)U(G, K))U((G, D)U 
where (G,C)U(G, K) is 7,-soft b-closed set and (G, D)U(G,T) is T2-soft b-open. 

Hence (F, A)U(F, B)E(7, 72)-SbLO(X). 


Theorem 3.23. If (F, A), (F, B)E(71, 72)-SbLO*(X), then (F, AJU(F, B)e€ (11, 72)- 
SbLO*(X). 


Proof. Since (F, A), (F, B)E(m1, 72)-SbLO*(X), then by Theorem , there exist 71-soft b-closed 
sets (G,C) and (G,D) such that (F,A) = (G,C)Ut2-sint(F, A) and (F,B) = (G, D)Ut2- 
sint(F, B). We have 


(F, A)U(F, B) = [(G, C)Ur2-sint(F, A)JU[(G, D)U79-sint(F, B)] 
= ((G,C)U(G, D))U(tT2-sint(F, A)UT2-sint(F, B)), 

where (G,C)U(G,D) is t1-soft b-closed and 79-sint(F, A)UT2-sint(F, B) is T2-soft open set. 

Hence (F, A)U(F, B)E(71, 72)-SbLO*(X). 


Theorem 3.24. If (F, A), (F, B)E(71,72)-SbLO**(X), then (F, A)U(F, B)E (11, 72)- 
SbLO™(X). 


Proof. Easy, so omitted. 
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Conclusion 


Generalized open sets play a very important role in general and soft topology and they are 
now the research topics of many topologist worldwide. Indeed a significant theme in general, 
soft topology and real analysis concerns the variously modified forms of continuity, separation 
axioms, etc. by utilizing generalized open sets. The concept of a soft bitopological spaces 
was introduced by Ittanagi [6]. In this paper we introduced and studied the notions of soft b- 
locally open sets, soft bLO*-sets, soft bLO**-sets in soft bitopological spaces and obtain several 
characterizations and some properties of these sets. In the end, we hope that this paper is just 
a beginning of a new structure, it will be necessary to carry out more theoretical research to 


promote a general framework for the practical application. 
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§1. Introduction and preliminaries 


Let denote the class of functions f, analytic in the open unit disk E = {z € C: |z| < 1} 
in the complex plane C. Let A be the subclass of H, consisting of functions f, analytic in the 
open unit disk E and normalized by the conditions f(0) = 0 = f’(0) — 1. A function f € A is 
said to be starlike of order a if and only if 

2( fe 
F(z) 


The class of such functions is denoted by S*(a). A function f € A is said to be convex of order 


) >a 0<a<t ve ) 


a in E, if and only if 


# (1422) >a, O0<a<1,zeEE 


Let K(a) denote the class of all those functions f € A that are convex of order a in E 


A function f € A is said to be in the class C(a) of close-to-convex of order a in E if and only 


*( Sey 


Let f and g be two analytic functions in open unit disk E. Then we say f is subordinate to g 


if it satisfies 


) >a O<a<1, wheregeS*. 


in E written as f ~ g if there exists a Schwarz function w, analytic in E with w(0) = 0 and 


|w(z)| < 1, 2 € E such that f(z) = g(w(z)), z € E. In case the function g is univalent, the 
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above subordination is equivalent to f(0) = g(0) and f(E) C g(E). 


The Taylor’s series expansions of f, g € A are given as 
co co 
f(z) =2+S- agz* and g(z) = 2+ So de*. 
k=2 k=2 


Then the convolution/Hadamard product of f and g is denoted by f * g, and defined as 
(fxg)(z)=24+ So agdez. 
k=2 


Ruscheweyh [4] introduced a differential operator R*, (known as Ruscheweyh differential oper- 
ator) for f € A is defined as follows 


z 
G—2zpH 


Ri (a) # f(z), A>-1, z EE. (1) 
For \=n € No = Nu {0} 


2(21 f(z) 


n! 


R° f(z) = 


z 


9 


Lecko et al. [2] observed that for 4 > —1, the expression given in (1) becomes 


Rij oss, Cie . 


= (k— 1)! a ca 
and for every \ > —1 
BUR’ f(2) = 2(R (2) = 2 eS * s(2)) 
= Gapet * '@) = PES) = PRYG), eB 


We notice that 


Ro" f(z) =z, Rf(z) = f(z), RF (2) = 2f'(2), Rf (2) = 2f"(2) + a) 


and so on. For \ > —1, we have 


2(Rf)'(z) = (A+ 1) RM f(z) — AR f(z), 2 € E. (2) 


Recently, Shams et al. [5] studied the Ruscheweyh derivative operator for f € A,, which satisfies 
the condition given below: 


(sesso) (ny aren (Bln) 


< M, 


where A,, is the subclass of H and an analytic function f € A, having Taylor’s series expansion 
of the form 


fi2a=z2+ > apz* 


k=n+1 
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in the unit disk E. Note that A; = A. They obtained the values of M, a, y and y for which 
the function had become starlike of order y. 


In the present paper, using differential subordination we are studying the following operator 


(i) [-ore(aragm orm) 


where \ > —1 and a, ( are complex numbers. We obtain some previously known results and 


certain conditions for starlike, convex and close-to-convex functions. As a particular case of 
zf'"(z) ) B 

fle) J 
To prove our main result, we shall make use of the following lemma of Miller and Macanu [3]. 
Lemma 1.1 /3, Theorem3.4h, p. 182]. Let q be univalent in E and let 0 and ¢ be analytic in 
a domain D containing q(E), with d(w) £0, when w € q(E). Set Q(z) = zq'(z)¢[a(z)], h(z) = 
O[q(z)] + Q(z) and suppose that either 
(i) h is convex, or 
(ti) Q is starlike. 
In ice re la that 

zh'(z 
(itt) n( Ola) ) > 0. 
If p is analytic in E, with p(0) = q(0), p(E) C D and 


our main result, we obtain the best dominant for (zf’(z)/f(z))®, (f’(z))® and (1 + 


A[p(z)] + zp'(z)¢lp(2)] < Ala(z)] + 20'(2)ola(2)], 


then p < q and q is the best dominant. 


§2. Main Results 


In what follows, all the powers taken are the principal ones. 


Theorem 2.1 Let a, 6 be non-zero complex numbers such that R(GB/a) > 0 and let 


B 
fea, (42) #0, z€E, satisfy 


BY) 
BT O)\” BYUO) py I@) 
(fey) [-ete(0+ ay Oa) 
1+Az  a(A—-B)z 
“T+ Bz" B14 Bz’ (3) 


then 


3123 e221. 28, 


(i) ae 


1 
The dominant i a4 is the best dominant. 


+ Bz 
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Rt F(z B “ 
Proof. Define as} =u(z), zE€E 


On differentiating logarithmically, we get 


eee 2(R*f(z))'] _ 2u'(2) (4) 
RA f(z) BR f(z) Bulz)” 


Using the equality (2), the above equation reduces to 


RM? f(2) 
RMF) 


RAF 
Aft) a | 


(A + 2) 


Now, from (3), we obtain 


i) i ata ( ere 4 ye) = u(z) + S2u'(z). 


Define the functions @ and ¢ as: 


& 
Ww 


O(w) = w and d(w) = 3 
Obviously, the functions 6 and ¢ are analytic in the domain D = C and ¢(w) 4 0, w € D. 
Selecting q(z) = . = a —-1<B<A<1, z€E and defining functions Q and h as under: 
+ Bz 
mene a (A-B)z 
Q(z) = a ola) = Sed @) = SASS 
oe 144 (A—B) 
7 = oy Ag OCA Bye 
h(z) = 8(a(2)) + Q(2) = ae) + Sea'(@) = FEE + SEAS 


We can easily check that 


W($9)-m(E5B) oases 


Q 
(AS) =e (TER) +2 (8) oo +e 


Hence conditions of Lemma 1.1 are satisfied and proof now follows from this lemma. 


and 


a 


Setting \ = —1 in Theorem 2.1, we obtain the following result of S. S. Billing [1] for p = 1: 


Corollary 2.2 Let a, 6B be non-zero complex numbers such that R(B/a) > 0. If f € 
B 
A, (2) #0, z EE, satisfies 
2 


a a (£2) ot ® (£2)". L+Az : fe | 


then 


B ts 
(2) es Ae 1<B<A<1,z€EE 
az 
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Taking \ = —1 and replacing f(z) with zf’(z) in Theorem 2.1, we obtain the following result: 


Corollary 2.3 Let a, 8 be non-zero complex numbers such that R(B/a) > 0. If f € 
A, (f’(z))? #0, z EE, satisfies 


ave | of") 1+Az  a(A—-B)z 
(f"( )) (1 T f'(z) 1+ Bz u B (1+ Bz)?’ 
then , 

(Fe)? «tA, -1 <p casi, 2ek 


Selecting 6 =1, B=-—1, A=1- 2y, where 0 < y < 1, in the above corollary, we have: 


Example 2.4 Leta be non-zero complex number such that R(1/a) > 0. If f € A, fl(z) 
0, z EE, satisfies 
Le ieee. 2a boa )e 


f(z) + azf"(z) < ae (l—z)? ’ 


then 


1 a 
sf +(1—-2y)z 
l-z 


f(z) 


,O<y7<1,zEE 


Hence f € C(y). 
Choosing A = 0 in Theorem 2.1, we get the following result: 


Corollary 2.5 Let a, 6 be non-zero complex numbers such that R(B/a) > 0. If f € 


! B 
A, ZZ) #0, zEE, satisfies 


voy) +9 ree a) AG) <a ita 


then 


1<B<A<1,z€E 


In the above corollary, setting 8 =1, B=—1, A=1- 2y, where 0 < y < 1, we obtain: 


zf'(z) 
f(z) 


Example 2.6 Let a be non-zero complex number such that R(1/a) > 0. If f € A, # 


0, z EE, satisfies 


Os. 
fy 


(l+a) 


(£0 =f) zfi@) 1+ (1-292 , 2a(l- 7) 
fe fe) fe Tmz (2? 


then 


zf'(z) 1+. — 27) 
f(z) s l-z 


Hence f is a starlike function of order y. 


z 
,O0<7<1, z€E. 
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For \ = 0 and on replacing f(z) with zf’(z) in Theorem 2.1, we have: 


Corollary 2.7 Let a, 6B be non-zero complex numbers such that R(B/a) > 0. If f € 


” B 
A, (1 + fe) #0, zEE, satisfies 


0S) [ee(Bare me )] <a pasar 


then 


zf"(z)\® 1+ Az 
1 -1<B<A<l y 
( + Fiz) < Ty Be’ <B<AS1, zE 


Choosing 6 = 1, B= —1, A =1-— 2y, where 0 < ¥ < 1, in the above corollary, we have the 


following result: 


Example 2.8 Let a be non-zero complex number such that R(1/a) > 0. If f € A, satisfies 


(+ rap) b+ (Gree Poy) <A a 


then 


f(z) V4 (b= 2y)2 
fi) 1-2 


,O<7<1,2z€ 


1S 


Hence f € K(y). 
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81. Introduction and preliminaries 


Let L be a set of sequences {A*} , A¥ = (Ay*, Ag”, .., An®) , k=1,2,.. of complex numbers in C” 


with |A*| > oo as k > o0 and 


log k 
lim sup =e 


< oo 
k- 00 |A¥| 


where [A] = /Ar® a + dada” +. + An dn”. 


Consider a Dirichlet series 


Co 


a(s) = S- Cpe 8> (1) 
k=1 
where s = (81, 82,..,8n) € C” ,{cx} is the sequence of complex numbers and {\*} € L. 
Also <:A¥,; 8 >= Aq" 31 ++ Ag 8a + + An Spe 
If (1) satisfies 


log |cx| 
lim su = —0o 2 
ae aaa (2) 
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then from [1] (1) converges in the whole complex plane. 


Several investigations on class of entire Dirichlet series with constant sequence of real expo- 
nents have been made by many researchers in the past. Kamthan [3] proved the class of entire 
functions represented by Dirichlet series to be an FK Space. Srivastava [4] provided a Banach 
algebraic structure to class of Dirichlet series in one complex variable and having constant real 
frequencies {\*} for which the sequence e***|c;| is bounded. 

Shaker, Hussein and Srivastava [2] investigated the bornological aspects of class of entire func- 
tions represented by multiple Dirichlet series with constant frequencies. They introduced a 
bornology on the class and proved it to be a separated convex bornological vector space. Singh 
and Rastogi [7] characterised the Goldberg gq” order and Goldberg q‘” type of entire function 
represented by multiple Dirichlet series in terms of its real exponents and coefficients.Khoi[1] 
studied coefficient multiplers on class of series of form (1). 

In this paper we prove some results on class of Dirichlet series having variable sequence of 


complex exponents. 


1 Class M 


Let M be a class of series of form (1) with variable complex frequencies {*} for which the 
sequence 


e1|A*| 


k 1\€2 ral 
[APP (RE)? Jen PT | 


is bounded where e;,e2 > 0 and are not simultaneously zero,then every element of M becomes 
entire. 
co co 
k k 
We consider two elements a(s) = So cre *> and G(s) = So des? > of class M to be 


k=1 k=1 
equivalent i.e. a = 6 if and only if 


e1|A*| 


k 
reel aly et eg FT = [uk nde, > I 


o_ 


Clearly relation is an equivalence relation on class M. Hence the class M can be treated 
as the set of so formed equivalence classes. For the sake of brevity, we consider “the member 


a(s) of class M” same as “equivalence class generated by a(s) of M”. 
co 


Co 
Next we define binary operations on set M for a(s) = che”s> and B(s) = S- dye<H" 98> 
k=1 k=1 
as 
oo | wl oh | wyle ler | 
» al Me Tal <a*,s> 
oc) +6) = 50 |( =] (oe | +( | dy |# e 
r= L \ |"! |a*| 
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oo pref“ ele me, aduc) cod : 
a(s).8(s) — SS (k!) ge cy PF dy Fi ext" )s> 
x 


k=1 


where {x*} denotes the arbitrary element of set L. 
Throughout the paper, we assume {x*} to be an arbitrary element of L. 
We define the norm in M as 


e1|A*| 


(x!) Jem P| (3) 


|||] = sup |A*| 
k>1 


where a(s => chew ee 


For the definitions used refer [5] and [6]. 


2 Main Results 


Theorem 3.1. M is a commutative and unital Banach Algebra. 


Proof. Clearly, M is a vector space over the field of complex numbers. 


Let ap(s > Chpe~ ”8> be a Cauchy sequence in M. 


Then for € > ie d some t such that 
|p — Aq|| < € whenever p,q >t 


=> sup keene | (k)?e Fi - reaper" (k!)%e (oa <e whenever p,q>t 


k>1 


kp 1 ka 
=> jake (1)? Chip DPI - vba e2! (kt) Chq BF | < € whenever pqzot 


e1|Ar4 


Pee 
As {|A*4| lk 1) Cyq P¥71} is a Cauchy sequence in C and owing to the completeness of C, 


let {[arap 


1 
(k!)? Chg *41 } converges to dy. 


Taking g — oo in above inequality, we get 


aL, 
sup jakpcr (k!)? cep APPT — dy] < € whenever p>t 
k>1 
oS —e,|ax"| |e" | k 
Let h(s) = 5° Gi : (xy) e<*S>. Then clearly, a, > h. 
k=1 


Also, h € M as 


jacket (k!)? 


—e,|x" =~é 
joe ey *as| = d 
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e1|A*? e1|A*? 


=|a + |A*?| | (ie!) 2 oy IORPT — |A*? | Mk 1c, Tae] 


e1|AP? 


"TRL Ckp Bal — dz + en (KI) e OPI 


Theorem 3.2. The class M is not a Division Algebra. Infact, an element 


a(s) = ye che< '8> in M. becomes invertible if and only if 
k=1 


1 
d¥ |" (el)? Jeg FI 


A 
8 


for all k. 


Proof. The inverse of element 

= ei |x*| ie k 
— S- (ara ay") es”? in M 
k=1 


is 
CO = 


k —eily*| —e i <y",s> k 
ats) = Yo (Au! ay") eve sfyh} € L 


k=1 
which does not belong to M. 


For a(s) to be invertible in M there must exist some 6(s => dpe<!"’*> such that 
k=1 


k 
a | (hel) 2 dy FI _ ae 


[ve[2 "Tey? eg 


As 3(s) € M therefore 4 some N such that 


1 


at ee 
Pre RY Jee P| 


Conversely, Define 


2). aaa 


| 
<a®.s> 


e 
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Clearly, 8(s) € M. 
Also, a(s).6(s) = B(s).a(s) = e(s). 


Hence the theorem. 


lo) 
Theorem 3.3. An element a(s) = S- ches 18> in M is quasi singular if and only of 
k=1 


c1|A*| 


: k 1)©2 ae = 
inf {[1 + [ARP (ao, RTI} = 0. 


Proof. We suppose that a(s) is not quasi singular. Then, a(s) is quasi invertible i.e. 4 some 
lo) 


B(s) = ss d,e<""> in M such that 


k=1 
a(s) * B(s) =0 
= a(s) + B(s) + a(s).B(s) = 0 
reer le eT + [poh ( Hla TT +e Gene fakye tel Bg eT = 0k > 1 


AL 


k ae 93 e1|A*| 1)€2 0, [AR 
= [ut lanyed, mT = |A*| (kl) cx au 


ies rk |etIM TRL) ey BCT 


e1|A*| 


1 
If inf {[1 + |A*| (k!) ce, PT |} = 0 then J a subsequence {ky} of {k} such that |lan|| = 1 


kn | 


lore) cr < ‘ 
where an(s) = S- ch,e~> "°S* and kn |! (kn!) °? |cx,, PF*1| 4 1 as 


n=1 
n> wo. 


Here 


e1|AP™ | 


1 
kes 1 kn k,! e2 paFn| 
[Ball = sup ae (gt), aT | = sup AL Cnt) fos 
k>1 k>1 [1 + (Kp!)?| Ae | "log, DFAT | 


co 
does not belong to M which is a contradiction where ,,(s) = S- dy, es” 8>, 
n=1 


e1|A*| 


Hence, inf {|1 + |AF[™P (te. ]} #0. 


e1|A*| 


pee 
Conversely, Let inf {|1 + |A*| (k!)° cy, PFT |} > 0. 


Define G(s) = S- d,e<#"*> where 
k=1 


1 


— aki (it) ey, BAT 
1 


k 
a eue (hel)? dy FI = , 
1+ (kl)? [AR leg DFT 
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Clearly, 8(s) € M and also a(s) * 6(s) = a(s) * 8(s) = 0 which implies that a is not quasi 


singular. 


Hence the theorem. 


Theorem 3.4. M is a Banach algebra with continous quasi inverse. 

Proof. Let V.(0) denotes the e-neighbourhood of 0. 
= — <p" ,s> Ker lee! 1)\e2 ee 
If B(s) = S> dye € V.(0) then |p*| (k!1)? |dp Fl | <€ 
k=1 
Belgie Roa x eb ; : ; 

So, inf {|1 + |u*| are) *d,“*l|} > 1—e > 0. Hence, by previous theorem, 3(s) is not quasi 

= e 
singular and thus has a quasi inverse, say w(s) = oy ager’ * =, 

k=1 

Then 6(s) *w(s) =0 ie. 
= [ph [ela 


1: 
ae [uk|or Hl (ate? dy ] 


jack [ole Tar = 


Now, 


|" (Rt) eh | 
||| = sup =a = 
REL |1 + [pay |2!#*! (kL) 2 dy FT | 


l-e 


Hence the theorem. 


Theorem 3.5. Spectrum a(a) of an element a(s) = S- che > is of the form 
k=1 


e1|A*| 1 


o(a) = lf |*| (RY) eg PHS 1} 


Proof. o(a) is the set of all complex numbers z such that a — ze is not invertible. Here, 
k 
|r*| e1 |a"| 


ie dM i k 
a(s) — 2e(s) =) 7 iG FT) cy z ext s> 
xv 


1 joka (asy 


From previous Theorem , for a(s) — ze(s) to be not invertible 
1 


Jrk[2 "1 Cl)? cy BAT — 2 


is not bounded. 
Then 4 subsequence (k,,) of (k) such that 


kn, 1 
tim [Abr | ae ep, DET — 2 = 0 


n—->co 


Hence the theorem. 


AT 
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Theorem 3.6 Every continous linear functional 


é:MA>C 
is of the form 
0° is |A*| 
ei|A e2 
Ha) = So (Di aye) end 
k=1 


where 


Co 
k 
a(s) = y Cpe ee 
k=1 


and dy is a bounded sequence in C. 


Proof. Let 0: M — C be a continous linear functional. So, 
O(a) = a> ce” »*>) = > cp0(e<*" *8>) (4) 
k=1 k=1 


Now, we define a sequence {a;,} in M as 


2s pyerle" | 1)€2)—|x*| <2" ,2> 
an (z) = (|x"| (ki)? ) le 


ey |A**| 


k 
As (lac |t? | (ety?) -le*les#*2> = (JAP | (k1)°2)-"le<a".2> for all k therefore 


lore) dP 
aa) = Soon (pean) ‘oten(2) 
k=1 
Since @ is a continous linear functional, therefore |0(a,)| < K||ax|| for some K. 
As |lax|| = 1 therefore |@(a;)| < K. 
Let dy, = O(ax). 


oo : |A*| 
Then 6(a) = Se Cine ay) cxdx where dy, is a bounded sequence. 
k=1 


Theorem 3.7. An element a of M is a topological divisor of zero if and only if 


e1|A*| 


lim [A*|* | (at)? Jeg *T] = 0. 
k-> oo 


lo) 
Proof. Let a(s) = 3 che 8? be a topological zero divisor of zero. We suppose that 
k=1 
F Kerlr* | e), oe 
lim |A*| (Kk!) |e, PFI] = a > 0 
k—-o0o 


Then for a given €«,0 < € < a, 4a natural number N such that 


e1|A*| 


|A*| (ke!) °? |g BT | >a—e whenever k > N (5) 
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As a € M is a topological divisor of zero therefore 4 a sequence {;} of elements in M having 


unit norm such that for all t > 1 we have 


A : foe) 
sup |pt| (hl) dee | = 1 for Be(s) = D> dave >. 
k>1 

Zs k=1 


For some 6 ,0 < 6 < 1 we can find an integer N; and a subsequence {k;} of {k} such that 


er |ukt 7 at 
k'| ile l(k!) 2Idix Fl] > 1-6 Vk =k > Ny. 


From (5) and (6), we have 
Thus 


e1|r*| 


kt fe es 
[sre | Cet)? dice PT |LAP| 


(k!)°2|cn 71] > OV k= bi > Ny. 


(6) 


Therefore ||a(s).6:(s)|| ~ 0 which is a contradiction to the fact that a(s) is a topological divisor 


1lNT e122 |g THT | = 0. 


of zero. Hence, lim |A*| 
k—0o 

Conversely 

Let 


e1|A*| 


(kN)? Jo, T| = 0. 


lim |A*| 
k-00 


Construct a sequence {(;} such that 


[a | 


Br(s) = (wt ay) oxi 


Clearly, 3,(s) € M for all k > 1 and ||6,|| = 1. 
|a*| 


panel 3 
Ck TAR] ) est ,s> 


Cia 


Bk(s).0(s) = a(s).Bx(s) = ( 


e k é _1_ 
therefore ||6,-a| = |la.Bxl| = |X*12? Cat)? Jeg TI. 
Here || 8;-a:|| = ||a.8,|| > 0 as k > oo therefore a(s) is a topological divisor of zero. Hence the 
theorem. 
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Abstract In this paper, a new class of fuzzy sets, namely r-(7;,7;)-generalized regular fuzzy 
closed (briefly, r-(7:,7;)-grfc) sets is introduced for smooth bitopological spaces and some 
notions of these sets are investigated. By using r-(7;,7;)-grfc sets, we define a new fuzzy 
closure operator referred to as (i, 7)-GRC which generates a new smooth topology, 7(;,;)-crc- 
An application of these sets the definition of (7, 7)-F RT, 2 spaces. Finally, (i, 7)-generalized 
regular fuzzy continuous and (i, j)-generalized regular fuzzy irresolute mappings are introduce, 
we show that (2, 7)-generalized regular fuzzy continuous properly fits in between j-fuzzy regular 
continuous and (i, 7)-generalized fuzzy continuous. 

Keywords r-(r7;,7;)-generalized regular fuzzy closed sets, r-(7;,7;)-generalized regular fuzzy 
closure operator, (i, 7)-F' RT;/2 spaces, (i, j)-generalized regular fuzzy continuous (irresolute) 
maps. 
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81. Introduction 


Kubiak [14] and Sostak [22], introduced the fundamental concept of a fuzzy topological 
structure, as an extension of both crisp topology and Chang’s fuzzy topology [4], indicating 
that not only the object were fuzzified, but also the axiomatics. Subsequently, Badard [3], 
introduced the concept of smooth topological space. Chattopadhyay et al. [5] have redefined 
the same concept under the name gradation of openness. Ramadan [19] introduced a similar 
definition, namely, smooth topological space for lattice L = [0,1]. Following Ramadan, several 
authors have reintroduced and further studied smooth topological space [5-7, 9,23]. Thus, 
the terms ‘fuzzy topology’, in Sostak sense, ‘gradation of openness’ and ‘smooth topology’ are 
essentially referring to the same concept. In our paper, we adopt the term smooth topology. Lee 
et al. [15] introduced the concept of smooth bitopological space as a generalization of smooth 
topological space and Kandil’s fuzzy bitopological spaces [10]. The concept of generalized closed 
sets in topological spaces introduced by Levine [16]. Subsequently, Fukutake [8], introduced the 


concept of generalized closed sets in bitopological spaces. Balasubramanian and Sundaram [1] 


52 A. Vadivel and E. Elavarasan No. 1 


gave the concept of generalized fuzzy closed sets in Chang’s fuzzy topology as an extension 
of generalized closed sets of Levine. Jin Han Park and Jin Keun Park [18] introduced weaker 
form of generalized fuzzy closed set and generalized fuzzy continuous mappings i.e, regular 
generalized fuzzy closed set and generalizations of fuzzy continuous functions. Bhattacharya 
and Chakraborty [2] introduced another generalizatioin of fuzzy closed set i.e., generalized 
regular fuzzy closed set which is the stronger form of the previous two generalizations. Kim 
and Ko [12] defined r-generalized fuzzy closed sets in smooth topological spaces. Osama et 
al. [24] in 2015 introduced the concept of r-(7;,7;)-generalized fuzzy closed sets in smooth 
bitopological spaces. Recently, we [25] introduced the concept of r-generalized regular fuzzy 
closed set in smooth topological spaces. 

The aim of this paper is to continue the study of generalized regular fuzzy closed sets in 
smooth bitopological spaces and study its basic properties. Moreoevr, we define a new fuzzy 
closure operator by using this class of r-generalized regular fuzzy closed sets, which is induced a 
smooth topology. Finally, we introduce and study the concept of a new class of fuzzy mappings, 
namely (i, j)-generalized regular fuzzy continuous and (7, 7)-generalized regular fuzzy irresolute 


mappings and give the relations between them. 


§2. Preliminaries 


Throughout this paper, let X be a non-empty set, J = [0,1], Jo = (0, 1]. A fuzzy set p of 
X is a mapping pp: X — I, and I* be the family of all fuzzy sets on X. For any p41, fe € I*, 
fy A fog = minty (x), pe(a): a © X}, py V pg = mar{jri (x), Ho(x): a € X}. The complement 
of a fuzzy set A is denoted by I— 2». For a € I, a(x) = a Vx € X. By 0 and 1, we denote 
constant maps on X with value 0 and 1, respectively. For each x € X and t € Ip, the fuzzy 
set x; of X whose value ¢ at x and 0 otherwise is called the fuzzy point in X. Let Pt(X) bea 
family of all fuzzy points in X. x; € 2 iff \(x) > t. For \ € I*, 1— 2 denotes the complement 
of A. All other notations and definitions are standard in the fuzzy set theory. 

Definition 2.1. /3, 5, 19, 22] A smooth topology on X is a mapping tT : IX — I which 
satisfies the following properties: 

(1) 7(0) = 7(1) =1, 
(2) TM ics Mi) 2 Neg Toi), for any {iste J} CI. 
(3) T(W1 A M2) > T(H1) AT(H2), for all pr, w2 €I*, 

The pair (X,7) is called a smooth topological space. For r € Jp, fs is an r-fuzzy open set 
of X if r(u) >, and p is an r-fuzzy closed set of X if r(I—) > r. Note, Sostak [22] used the 
term ‘fuzzy topology’ and Chattopadhyay [5], the term ‘gradation of openness’ for a smooth 
topology T. 

Subsequently, the fuzzy closure for any fuzzy set in smooth topological space is given as 
follows: 

Definition 2.2. /6] Let (X,r) be a smooth topological space. For \ € I* andr € Ip, a 


fuzzy closure of X is a mapping C, : IX x Ip 4 I* such that 
CrOr) = Mwel® | w>d, r= p) > rh. 
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Definition 2.3. /6]/ A mapping C : I* x Ip — I* is called a fuzzy closure operator if, 
for, we 1* andr,s € Ip the mapping C satisfies the following conditions: 


(C1) C@,r) =1, 

(C2) <A, 7), 

(C3) C(A, r) V Clu, 7) =COV uz, 7), 
(C4) CO, 7) < CQ, s) ifr<s, 

(C5) C(C(A, 7), 7) =C(A, 7). 


The fuzzy closure operator C generates a smooth topology tc : 1X > I given by 
tTo(A) = Vir € IICA — A,r) =1- A}. 
In a similar pattern, a fuzzy interior operator was defined. 
Definition 2.4. /11, 20] A mapping I: IX x Ip + I* is called a fuzzy interior operator 
if, for, wE I* and r,s € Ip the mapping I satisfies the following conditions: 


(11) 1,(,r) =1, 

(12) X>1,(, r), 

(13) E., r) ALG 7) = TAA B, 7), 
(I) Tr, 7) = T,(A, 8) fr Ss, 

(15) I-(I-(A, 7), 7) =1,(A, 7). 


The fuzzy interior operator J generates a smooth topology 7; : I* — I as follows 
THA) = Vir € 1 1,1) = A}. 
Lemma 2.5. /17/ Let f : X + Y be a mapping and let X and ys be fuzzy sets in X and 
Y , respectively, then the following properties hold: 


(1) X\< f-l(fO)) and equality holds if f is injective. 
(2) f(f-*(u)) < ps and equality holds if f is surjective. 
(3) For any fuzzy point x, € X, f(az) is a fuzzy point in Y and f(a) = (f(x))z. 
(4) When f(A) < , A< fo*(H). 
Definition 2.6. /21] Let (X, T) be a smooth topological space, X€ I* andr € Ip. Then 
(1) A fuzzy set is called r-fuzzy regular open (for short, r-fro) if \ = I,(C;(\,1r),r). 
(2) A fuzzy set d is called r-fuzzy regular closed (for short, r-fre) if X= C,(1,(,,7r),1). 


Definition 2.7. /12] Let (X, T) be a smooth topological space, let 4,  € I* andr € Ip. 
A fuzzy set is called r-generalized fuzzy closed (r-gfc, for short) if C;(A,r) < w, whenever 
A<pandt(u) >s for all0<s<r. The complement of r-gfc is called an r-generalized fuzzy 
open (r-gfo, for short) if 1 — X is r-gfe. 
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Definition 2.8.  /25] Let (X, 7) and (Y, 7) be a smooth topological space’s. Let f : 
(X, T) > (Y, 7) be a function. Then f is called fuzzy regular continuous (FR-continuous) iff 
fo'(u) is r-fre set in X for each we I® with ni —p)>r. 

Definition 2.9. /25] Let (X, 7) be a smooth topological space. For \,. € I* andr € Ip. 


(1) The r-fuzzy regular closure of A, denoted by RC;(A,r), and is defined by RC,(A,r) = 
Kae (po dnee ne: 


(2) The r-fuzzy regular interiror of A, denoted by RI,(A,r), and is defined by RI,(A,r) = 
V{u e IX | wSA,p is r-fro }. 


Proposition 2.10.  /25/ A function RC : I* x Ip > I* is called a fuzzy regular closure 
operator if it satisfies the following conditions: for , 4 €I* and r,s € Ip, 


(C1) RC(,r) =0, 

(C2) < RC(A, rv), 

(C3) RC(A, r) V RC(u, r) = RC(AV p, 1), 

(CL) RC(A, r) < RC(A, s) ifr <s, 

(C5) RC(RC(A, r), r) = RC(A, r). 

The fuzzy regular closure operator RC’ generates a fuzzy topology Trc(A) : IX 4 I given by 
(C6) tro(A) = Vir € 1| RC(T— A,r) = I-A}. 


Proposition 2.11. [25] A mapping RI : I* x Ip > I* is called a fuzzy regular interior 
operator if, for, w€I* and r,s € Ip, it satisfies the following conditions: 


(I1) RI(i,r) =, 

(12) X> RI,(A, 7), 

(13) RI(A, r) ARI (p, r) = RIAA p, 1), 

(14) RI(A, r) > RI(A, s) ifr<s, 

(15) RI(RI(A, r), r) = RI(A, 1), 

(16) RI(I—, r) =1—RC(, r). 

The fuzzy regular interior operator RI generates a fuzzy topology Trr(A) : I* + I given by 
(17) tTrr(A) = V{r €1| RI(A,r) = A}. 


Definition 2.12. /15/ A triple (X,71,72) consisting of the set X endowed with smooth 
topologies T and T2 on X is called a smooth bitopological space (smooth bts, for short). For 
AE IX andr € Io, r-7;-fuzzy open (resp. fuzzy closed) set denotes the r-fuzzy open (resp. fuzzy 
closed) set in (X,7;), for i = 1,2. 
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Theorem 2.13.  /6, 13] Let (X,71,72) be a smooth bts. For \ € I* andr € Ip, a Ti-fuzzy 
closure of \ is a mapping C,, : I~ x Ip + I* defined as 
C,,(A,7) = A{ueI* | w 2d, n(1-p) 2 r}- 
And, a 7;-fuzzy interior of X is a mapping I,, : IX x Ip — I* defined as 
1,047) = Vee T® | nS, 7H) >}. 
Then: 
(1) C,, (resp. I,,) is a fuzzy closure (resp. fuzzy interior) operator. 
(2) Tor, = Tir, = Ti- 
(3) I,,0 —A,r) =1-C;,,(A,r), Vr € Ip, XE I*. 
Definition 2.14. [24] Let (X,71,72) be a smooth bts, \ € I* andr € Ip. Then X is 
called: 


(1) an r-(7;,7;)-generalized fuzzy closed (briefly, r-(Ti,7;)-gfc), if C,,(A,8) < mw, whenever 
A <p such that T(w) > s for alO0<s<r. 


(2) an r-(7;,7;)-generalized fuzzy open (briefly, r-(7;,7;)-gfo), if 1 — X is an r-(7;,7;)-gfe. 
Definition 2.15. [24] A mapping f : (X,m,72) > (Y,01, 02) is called: 


(1) (i,7)-generalized fuzzy continuous ((i,j)-GF-continuous, for short) if f~'(u) is an r- 
(7:,7;)-gfe in X for each we IY with oj(1—p) >r. 


(2) (i, 9)-generalized fuzzy irresolute ((i,j)-GF-irresolute, for short) if f~'(j) is an r-(7;,7;)- 
gfc in X for each r-(o;,0;)-gfc in we T*. 


§3. r-(7;,7;)-generalized regular fuzzy closed sets 


In this section we introduce and investigate the concept of r-(7;,7;)-generalized regular 
fuzzy closed sets in smooth bts (X, 7,72). 
Definition 3.1. Let (X,71,72) be a smooth bts, X€ IX andr € Ip. Then X is called: 


(1) r-(1;,7;)-generalized regular fuzzy closed (briefly, r-(7;,7;)-grfc), if RC,,(A, 8) < w, when- 
ever X <p such that 7;() > s for allO<s<r. 


(2) r-(1;,7;)-generalized regular fuzzy open (briefly, r-(7;,7;)-grfo), if 1—A is an r-(7;,7;)-9rfe- 


The set of all r-(7;, 7;)-grfc and r-(7;, 7; )-grfo sets of a smooth bts (X, 7, 72) will be denoted 
by r-(7%;,7;)-GRFC(X) and r-(1;,7;)-GRFO(X) respectively. 

Remark 3.2. [f 7 = T2 in Definition , then r-(7;,7;)-grfc is an r-grfc in Definition 3.1 
in the sense of [12]. 

Proposition 3.3. Let (X,71,72) be a smooth bts, X€ I* andr € Ip. Then 


(1) If X is an r-t;-fre set, then » is an r-(7;,7;)-grfe . 


(2) If \ is an r-7;-fro set, then \ is an r-(7;,7;)-grfo . 
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Proof. To show (1), let A < w such that 7;(u) > s for 0 <s <r. Since X is a r-7;-fre set, then 
RC,,(A,r) = . In view of Proposition (C4), we get RC;,(A,s) < RC;,(A,r) =A for all s <r. 
Thus, RC;,(A, 8) <u. Hence, » is an r-(7%;,7;)-grfe. 

To prove (2), clearly 1 — ) is an r-r;-fre set. By using (1), we get that A is an r-(7;,7;)- 


erfo. 


The converse of the above Proposition is not true as seen from the following example. 
Example 3.4. Let X = {a,b,c}, A, u,6 € I* are defined as \(a) = 0.6, \(b) = 0.4, A(c) = 
0.7; w(a) = 0.8, u(b) = 0.4, u(c) = 0.7; 6(a) = 0.7,6(6) = 0.5,d(c) = 0.7. We define smooth 


1 if Xd € {0,1}, 1 if € {0,1}, 
topologies T1,T2 : IX > I as follows: 7(A) = 4 ifrA=), mA)= 45 ifr\=n, 
0 otherwise, 0 otherwise. 


Then for r= $ the fuzzy set 6 is r-(™|,72)-grfc but not r-r9-fre set. 
Theorem 3.5. Let (X,71,72) be a smooth bts, \ € IX andr € Ip. If X is both r-r;-fro 


set and r-(1;,7;)-grfe then A is an r-7;-fre set. 


Proof. Since » is an r-7;-fro set. Since A < 4 and ) is an r-(7;,7;)-grfc, then from Definition (1), 
RC,,(A,8) < A for 0 < s <r. However, A < RC;,(A,s). Thus, RC;,(A,s) = A forO<s <r. 
Consequently, RO;,(A,r) = A. Hence, A is an r-7;-fre set. 


Proposition 3.6. Let (X,71,72) be a smooth bts, 1,42 € IX andr € Ip. Then: 
(1) If \1,X2 are r-(%,7;)-grfe sets, then Ay V Ag is an r-(1;,7;)-grfe. 
(2) If \1,X2 are r-(%,7;)-grfo sets, then 1 A Ag is an r-(7%;,7;)-9rfo. 


Proof. To prove part (1), let Ay V Ag < pw such that 7;(~) > s for0<s <r. This yields, \1 < py 
and Az < p. Since Aj, Az are r-(7;,7;)-grfc sets, then RC;,(A1,8) < p and RC;,(A2,8) < p, 
imply RC,,(A1, 8)VRC;,(A2, 8) < pw. It implies RC;,(A1VA2, 8) = RC;,(A1, 8)VRC;, (A2, 5) < p. 
Hence, A; V Ag is r-(7;,7;)-grfc. The proof of (2), follows from the duality of (1). 


Remark 3.7. The intersection (resp., union) of two r-(7;,7;)-grfe (resp. grfo) sets 
cannot to be an r-(1;,7;)-grfe (resp. grfo) set as seen from the following example. 

Example 3.8. Let X = {a,b,c}, A, u,6 € I* are defined as \(a) = 0.8, \(b) = 0.4, A(c) = 
0.7; w(a) = 0.6, u(b) = 0.5, u(c) = 0.8; 6(a) = 0.6,6(b) = 0.4, d(c) = 0.7. We define smooth 


1 ifr€ {0,1}, 1 fre {0,1}, 
topologies T,,T2 : IX > I as follows: 7(A) = 4 ifrX\= A, T2(A) = 4 if \ =p, 
0 otherwise, 0 otherwise. 


Then for r = 5 the fuzzy sets X and ys are r-(71, T2)-grfc but AA w = 6 is not r- 


— 


71,72)-grfe set. 
Next we introduce some properities of r-(7;,7;)-grfe (resp. r-(7;,7;)-grfo) sets. 
Proposition 3.9. Let (X,7,72) be a smooth bts. If tT < 12, then r-(T2,71)-GRFC(X) < 
r-(71,72) - GRFC(X). 


Proof. Let X € r-(72,71)-GRFC(X), ie., X is an r-(72,7))-grfc. Let A < ys such that (pu) > s 
for0<s <r. Since 7, < 72, then 79(4) > s for0 << s <r. Since J is an r-(79,71)- grfc, we have 
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RC;,,(A, 8) < p. Again since 7) < 72, then RC,,(A, 8) < RC,,(A, 5) < p. So, RCOZ,(A, 8) < pu. 
Hence, » € r-(71, 72) - GRFC(X). 


Remark 3.10. Let (X,71,72) be a smooth bts, X€ IX andr € Ip. Then 


(1) r-(71,72)-GRFC(X) is generally not equal to r-(T2,71)-GRF'C(X). To show this consider 
Example . 


(2) If X €r-(1,72)-GRFC(X) Nr-(72,71)-GRFC(X) then X is called pairwise grfc. 
Theorem 3.11. Let (X,71,72) be a smooth bts, 4,4. € I* andr € Ip. Then: 
(1) If \ is an r-(%,7;)-grfe such that AX < p< RC;,(A,r), then p is an r-(%,7;)-grfe. 


(2) is an r-(1%j,7;)-grfo if and only if uw < RI,,(A,r), whenever pw < X and p is an r-7;-fre 
set. 


(3) If X is an r-(1;,7;)-grfo such that RC,,(A,r) < w <A, then p is an r-(1;,7;)-grfo. 


Proof. To prove (1), let «4 < v such that 7;(v) > s for0 < s <r. Since A < p, we obtain 
A <v. Since d is an r-(T2,71)-grfc, this yields RC,,(A,s) < v for 0 < s <r. From Definition 
(1) and Proposition (C5), we have RC;,(u,s) < RC,,(RC;,(A, 8), 8) = RC;z,(A,s) < v. Thus, 
RC;,(u, 8) < v and consequently, pz is an r-(7;, 7; )-grfe. 

Next to prove (2), for the necessity, let 1— A < 1— and 7;(1— pz) > s for0<s <r and 
apply Definition (1) and Proposition (6), giving the required result. 

Conversely, let T— A < yp such that 7;() > s forO<s <r. ie, T—p < X such that 
1 — pis an s-fuzzy closed set for 0 << s <r. Assuming we have 1 — p < RI,,(A, 5), this implies 
1— RI,,(A,s) < yw. In view of Proposition (6), we then have RC,,(1 — A,s) < yw. Thus, 1 — » 
is an r-(7;,7;)-grfc. Hence, \ is an r-(7;,7;)-grfo. 


Finally, to prove (3), taking I — \ as an r-(7;,7;)-grfc and then applying (1), we have the 


required result. 


Theorem 3.12. Let (X,71,72) be a smooth bts. Then for eachx € X andt = 1, a; is 


an r-7;-fre set or 1 — x, is an r-(7;,7;)-grfe. 


Proof. If x, is not an r-7;-fre set, then I — 2, is not an r-t;-fro set, implying that the only 
r-7;-fro set in X which containing 1 — a is 1. Thus, RO;,(1 — 2,8) < 1 for alO<s <r. 


Therefore, 1 — x; is an r-(7%, 7;)-grfc. 


§4. Characterization of (i,j) - generalized regular fuzzy 


closure operator 


In this section, we introduce a new fuzzy closure operator by using r-(7;,7;)-grfc sets and 
study some of their properties. Also, we introduce a new smooth topology by using the fuzzy 
closure operator. 

Definition 4.1. Let (X,71,72) be a smooth bts, \€ IX andr € Ip. The (i, j)- generalized 
regular fuzzy closure of \ is a map, (i,j)-GRC : IX x Ip > I* defined by 
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(i, j)-GRC(A,r) = Mp € I*|p > A, p is r-(7i,74)-grfe }, 
and the (i, j)-generalized regular fuzzy interior of X is a map, (i,j)-GRI : I* x Ip > I* defined 
by 

(i, 9)-GRI(\,r) = V{p € I*|p < A, p is r-(74,7;)-grfo}. 

Proposition 4.2. Let (X,71,72) be a smooth bts, \€ I* andr € Ip. Then, RI,,(A,r) < 
(i,9)-GRI(A,r) <A < (4,7)-GRC(Q,r) < RC;,(A,1r). 


Proof. Since every r-7;-fre (resp. r-7;-fro) set is an r-(7;,7;)-grfc (resp. r-(7;, 7; )-grfo) set, the 


proof is established. 


Next, we state some basic properties of (i, j)-GRC and (i, j)-GRI in the following propo- 
sition. 
Proposition 4.3. Let (X,71,72) be a smooth bts, A,\1,\2 € I* andr € Ip. Then: 


(1) (i,9)-GRI(I — A,r) =1- (i,j) - GRC(A,r). 

(2) If 1 <2, then (i, j)-GRC(A1,7) < (i, j)-GRC(2,r). 
(3) If X is an r-(ri,7;)-grfe, then (i, j)-GRC(A,r) = A. 
(4) If 41 < Ao, then (i, j)-GRI(M1,7) < (i,9)-GRI(o,r). 
(5) If X is an r-(ri,7;)-grfo, then (i, j)-GRI(A,r) =X. 


Proof. We prove (1) using Definition 
T— (i, j)-GRC(Q,r) =1-A{p € I*|p>A, p is r-(7i,7;)-grfc }, 
=V{Il—-peI*|I-p<1-), 1- pis r-(7,7;)-grfo }, 
= (i, j)-GRI(1 — A,r). 
The proof of (2), follows from Definition while the proof of (3), follows from Definition 


and Proposition . The proof of (4), comes by taking the complement of (2) and from (1). 


Finally, the proof of (5) is from the same elements as are in (3). 


In Proposition the converse of (3) and (5) is not true as the following example shows. 
Example 4.4. Let X = {a,b}. Define smooth topologies 7,72 : IX — I as follows: 
1 ifXe {0,1}, 1 if € {0,1}, 
mA) = 44 ifrA=a97, 720A) = 44 ifA=aog, Then (X,71,72) is a smooth bis. The 
0 otherwise, 0 otherwise. 
fuzzy set ag.7 is not a 1/2-(™,72)-grfe set on X because ag.7 < ao.7, T1(a0.7) > 8, 0< 5 < 1/2, 
RC;,(a0.7,8) = 1 £ ao.7. Since ao.7 V bs is a 1/2-(m1,72)-grfc set for s € Ip, then (1,2)- 
GRC(ao.7, 1/2) = ((a0.7 V bs) = a0.7 V Neen = 40.7. 
Theorem 4.5. Let (X,71,72) be a smooth bts, \€ I* andr € Ip. Then: 


(1) (i,9)-GRC (resp. (i,7)-GRI) is a generalized regular fuzzy closure (resp. generalized 
regular fuzzy interior) operator. 

(2) define 7(,;)-arc :I* 4 I as 
T(,)-Grc(A) = Vir € 14, 7)-GRC(I — A,r) = 1— A}. 
Then, T(i,j)-Grco 18 a smooth topology on X such that 7; < T,7)-aRrc 
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Proof. We have proven that (i, 7)-GRC is a generalized regular fuzzy closure operator and in a 
similar way can prove that (i,7)-GRI is a generalized regular fuzzy interior operator. To prove 
(1), we need to satisfy conditions (C1)-(C5) in Proposition 

(C1) Since 0 is an r-7,-fre set in X, then from Proposition (1), 0 is an r-(7;,7;)-grfc in X 
and, from Proposition (3), we have (i, 7)-GRC(0,r) = 0. 

(C2) Follows immediately from Definition 

(C3) Since A< AV wand w < AV p, then from Proposition (2), 

(i, /)-GRC(Q,1r) < (¢,7)-GRC(A V w,r) and (4, 7)-GRO(p,1r) < (i, 7)-GRC(A V u,r). This 


implies that (2, 7)-GRC(A,r) V (i, j)-GRC(u,1r) < (i,7)-GRC(A V p,7). 


Suppose (i, j)-GRO(A V pr) £ (i,7)-GRC(A,r) V (i, j)-GRC(u,1r). Consequently, x € X 
and ¢ € (0,1) exist such that 


(7, j)-GRCO(A,r)(x) V (4, 9)-GRC(p, r)(2) < t < (i, 7)-GRC(A V p,7r)(2). (1) 


Since (i, 7)-GRC(A,r)(x) < t and (i,7)-GRC(,1r)(a) < t, there exist r-(7;,7;)-grfc sets p1, p2 
with A < p,; and w < po such that p,(x) < t, pe(a) < t. Since AV w < py V po and py, V po is an 
r-(1;,7;)-grfe from Proposition (1), we have (i, 7)-GRC(A V m,r)(x) < (p1 V p2)(x) < t. This, 
however, contradicts (1). Hence, (7, 7)-GRC(A,r) V (i, j)-GRC(p,1r) = (4, 7)-GRC(A V pr). 

(C4) Let r < s, r,s € Ip. Suppose (i,7)-GRC(A,r) £ (i,7)-GRC(A, s). Consequently, 
x €X andt € (0,1) exist such that 


(i, j)-GRC(A, r)(x) < t < (4, 7)-GRC(A,r)(2). (2) 


Since (2, 7)-GRC(A, s)(x) < t, there is an s-(7;,7;)-grfc set p with A < p such that p(x) < t. 
This yields RC;,(p, 51) < 4, whenever p < p and 7;(4) > 81, for 0 < s; < s. Since r < s, then 
RC,,(p,171) < w whenever p < yp and 7;(") > 11, for 0 <r, <r < 8; < s. This implies p is an 
r-(1;,7;)-grfc. From Definition , we have (i, 7)-GRC(A,r)(x) < p(x) < t. This contradicts (2). 
Hence, (i, j)-GRC(A,1r) < (i, j)-GRC(A, s). 

(C5) Let p be any r-(7;,7;)-grfc containing 4. Then, from Definition , we have (i, j)- 
GRC(\,r) < p. From Proposition (2), we obtain (i,7)-GRC((i,7)-GRC(A,r),r) < (i,j)- 
GRC(p,r) = p. This mean that (i, 7)-GRC((i, 7)-GRC(A,r),1r) is contained in every r-(7;, 7;)- 
erfc set containing A. Hence, (i, 7)-GRC((i,7)-GRC(A,r),r) < (¢,j)-GRC(,r). However, 
(i,j)-GRC(A,1r) < (i, 7)-GRC((i, 7)-GRC(A,r),r). Therefore, (7, 7)-GRC((i, j)-GRC(A,r),r) = 
(i,j)-GRC(A,r). Thus (i, 7)-GRC is a generalized regular fuzzy closure operator. 

To prove (2), using (1) and Proposition , we get 7(;,;)-Grc, which is a smooth topology. By 
Proposition , we have (i, j)-GRC(A,r) < RC;,(A,r). This means that RC,,(1— A,r) = 1-2 


and implies (, 7)-GRC(I — A,r) =1—. Thus, 7;(A) < 7(,3)-grc(A) VA € I*. 


Proposition 4.6. Let (X,71,72) be a smooth bts, X€ I* andr € Ip. Then: 
(1) If m1 <7, then (1,2)-GRC(A,1r) < (2,1)-GRC(),r). 
(2) If X is an r-(1%i,7;)-grfe, then is an r-7G,5)-arc-fuzzy set. 


(3) If tT < 72, then 7(2,1)-ere < 7T(2,1)-eRe- 
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Proof. To show (1), suppose (1,2)-GRC(A,r) £¢ (2,1)-GRC(A,r). There exists x € X and 
t € (0,1) such that 


(2, 1)-GRC(A,r)(2) <t < (1,2)-GRC(A,r)(z). (3) 


Since (2, 1)-GRC(A,1r)(x) < t, there exists an r-(72,7,)-grfc set p such that A < p and p(x) < t. 
From Proposition , p is an r-(71,72)-grfc, which implies (1,2)-GRC(A,1r)(x) < p(x) < t. This 
contradicts (3). 

The proof of (2) follows from Proposition (3). Finally (3), follows directly from (1). 


The converse of Proposition (2) is not true as shown in Example . 


85. (7,7) - GRF - continuous and (i,j) - GRF - irresolute 
mappings 


In this section we introduce the concepts of (i,7)-generalized regular fuzzy continuous 
(resp. irresolute) mappings in smooth bts and study the relationship between them. We also 
investigate some of their properties and also, we introduce the definition of (7, 7)-F'- RT\/2 space 
in smooth bts (X,71, 72). Throughout this section consider (X,71, 72), (Y, 01, 2) and (Z, 1, "72) 
and as smooth bts’s. For a mapping f from (X,7,72) into (Y,o1,02), we shall denote the 
fuzzy regular continuous (resp., closed, open) mapping from (X,7;) into (Y,a;), 7 € {1,2} by 
j-fuzzy regular continuous (resp., closed, open) mapping. Firstly, we state the definition of 
(i, )-generalized regular fuzzy continuous (resp. irresolute) mappings. 


Definition 5.1. A mapping f : (X,m1,72) > (Y,o1, 02) is called: 


(1) (i, 9)-generalized regular fuzzy continuous ((i,j)-GRF-continuous, for short) if f~'() is 
an r-(7;,7;)-grfe in X for each wE IY with oj(1—p)>r. 


(2) (i,7)-generalized regular fuzzy irresolute ((i,j)-GRF-irresolute, for short) if f~(w) is an 
r-(ti,7;)-grfe in X for each r-(o;,0;)-grfc in we I*. 


Remark 5.2. [24] Every j-fuzzy continuous function is (i, j)-generalized fuzzy continuous, 
but converse is not true. 
Remark 5.3. 


(1) Every j-fuzzy regular continuous function is (i,7)-generalized regular fuzzy continuous, 


but converse is not true. 


(2) Every (i, j)-generalized regular fuzzy continuous function is (i, j)-generalized fuzzy contin- 


uous, but converse is not true. 


Example 5.4. Let X = {a,b} and Y = {p,q}. A1,A2 € I*, A3,A4 € IY are defined as 
Ar (a) = 0.5, A1(8) = 0.7; do(a) = 0.5, Az(b) = 0.8; Ag(p) = 0.7, As(a) = 0-4; Aa(p) = 0.9, Aa(a) = 
0.2. We define smooth topologies T,,72,01,02:1* — I as follows: 
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1 if € {0,1}, 1 if € {0,1}, 
nOAJ=45 frA=Ai, TA) = 45 ifrA=Ao, 
0 otherwise, 0 otherwise, 
1 if € {0,T}, 1 if € {0,1}, 
o(A)= 44 ifrX\=ds, o2r)= 45 frA=, 
0 otherwise, 0 otherwise. 


Consider the mapping f : (X,1,72) > (Y,01, 02) defined by f(a) =p and f(b) =q. Then f is 
(1, 2)-GRF-continuous but not 2-FR-continuous, for r = $, 


a(A4) > 7, 1— Aq ts r-(11,72)-grfe 
set but not r-tT2-fre set. 


Example 5.5. Let X = {a,b,c} and Y = {p,q,r}. A1,A2 € I*, A3,Aa € IY are 
defined as (a) = 0.5, A4(b) = 0.7, \4(c) = 0.9: Ao(a) = 0.5, \o(b) = 0.7, do(c) = 0.9: Ag(p) = 


0.7, A3(q) = 0.4, A1(r) = 0.7; Aa(p) = 0.5, Au(q) = 0.7, Aa(7) = 0.9. We define smooth topologies 
T1,72,01,02 :1* 4 TI as follows: 


1 if € {0,1}, 1 if € {0,1}, 
nOA=45 frA=A1, mOAY=45 frA=re, 
0 otherwise, 0 otherwise, 

1 if € {0,T}, 1 if € {0,1}, 
o(A)= 42 ifrA=)z, o2(A)= 95 if A=Aa, 
0 otherwise, 0 otherwise. 


Consider the mapping f : (X,71,T72) > (Y,o1,02) defined by f(a) = p, f(b) = ¢ and f(c) = 
Then f is (1,2)-GF-continuous but not (1,2)-GRF-continuous, for r = 5, o(1 — (I— \a)) 
a(A4) > 7, 1— Aq is r-(71,72)-gfe set but not r-(71,72)-grfe. 


The following Theorem gives an equivalent definition of (i, 7)-GRF-continuous mapping. 


Theorem 5.6. <A mapping f : (X,71,72) > (Y,01,02) ts (i, 7)-GRF-continuous if and 
only if f-1(u) is an r-(7;,7;)-grfo in X for each wE IY with oj(p) >r. 


Proof. This follows directly from Definition (2) and Definition (1). 


Theorem 5.7. If f : (X,71,72) 


> (Y,01,02) is a j-FR-continuous, then f is (i,7)-GRF- 
continuous. 


Proof. Let  € IY, such that o;(1— yu) > r. Since f is a j-FR-continuous, then f~! 
r-7;-frc set in X. From Proposition (1), we have that f~! 
(i, j)-GRF- continuous. 


(44) is an 
(y) is an r-(7;,7;)-grfc. Hence, f is 


The converse of above Theorem is not true as seen from the above following Example . 


Thus we have the following implication and none of them is reversible. 
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fuzzy regular continuous ——» fuzzy continuous 


¢)-generalized regular 


()-generalized fuzzy 
fuzzy continuous 


continuous 


Diagram - I 


Theorem 5.8. Let f : (X,71,72) 
then f is (t,7)-GRF-continuous. 


Proof. This follows directly from Proposition (1) and Definition (2). 


Then converse of above Theorem is not true as seen from the following example. 

Example 5.9. Let X = {a,b} and Y = {p,q}. A1,A2 € I*, A3,A4 € IY are defined as 
A1(a) = 0.5, A1(b) = 0.2; Ao(a) = 0.5, o(b) = 0.4; Ag(p) = 0.9, A3(q) = 0.6; Aa(p) = 0.1, Aa(q) = 
0.8. We define smooth topologies 7, 72,01, 02 : IX sTas follows: 


1 if € {0,1}, 1 ifX€ {0,T}, 
nOA=45 fA=A1, ma(A)=42 if rA=a, 
0 otherwise, 0 otherwise, 

1 if € {0,T}, 1 ifr e {0,T}, 
aQA)= 45 ifrA=As, a2(A)=45 ifrA=A4, 
0 otherwise, 0 otherwise. 


Consider the mapping f : (X,71,72) > (Y,o1,02) defined by f(a) = p and f(b) = q. Then 
f is (1,2)-GRF-continuous but not (1,2)-GRF-irresolute, for r = + a(A4) > r, 1- Xa is 
r-(71,72)-grfe set in X but not r-(™,72)-grfc set in Y. 

Theorem 5.10. Let f : (X,7,72) 
statements: 


+ (Y,01,02) be a mapping. Consider the following 
(1) f ts (i, 7)-GRF-continuous. 
(2) f((i,9)-GRCQ,7r)) < RCz,(f(A),r), for each XE I*, r € Ip. 


(3) (i,9)-GRO(f-*(u),7) < f-(RC,,(u,r)), for each weT™ . 
Then (1)=(2)=> (8). 


Proof. (1)=(2) Let A € I*. Since f(A) € I”, then f(A) < RC,,(f(A),r). Then, A < 
f~'(RCz, (f(A), 7)). Since f is (i, 7)-GRF-continuous, then f~!(RC,,(f(A),7)) is an r-(1),7;)- 
grfc in X. Hence, (i, j)-GRC(A,r) < f7!(RCz, (f(A), 1)) implies f((i, 7)-GRC(A,r)) < f(f7'(RC. 

Thus, f((é,j)-GRC(A,r)) < RCo, (f(A),7)- 
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(2)=(3) Letting \ = f~!(u) and applying (2), we arrive at f((i,7)-GRC(f—'(),r)) < 
RCo, (f(f-*(H)),7) < RCo; (u,r). Consequently, f((é,j)-GRC(f—*(u),r)) < RCo; (u,7) im- 
net f-*(f(G,9)-GRC(f™ (u),r))) < f-*(RCo,(u,7)), which yields (i, 7)-GRC(f~*(u),r) < 

(RCo, (u,7)). 


Next, we give an example to show that (3) does not lead to (1) in above theorem. 

Example 5.11. Let X = {a,b} and Y = {p,q}. A1,A2 € IX, A3, Aa € I are defined as 
Ai (a) = 0.6, A1(b) = 0.3; A2(a) = 0.7, A2(b) = 0.6; A3(p) = 0.4, A3(qg) = 0.6; Aa(p) = 0.4, Aa(q) = 
0.7. We define smooth topologies T,,72,01,02 :1* —> I as follows: 


1 if € {0,1}, 1 if € {0,T}, 
nOAJ=45 FA=A1, mOA)=45 ifrA=r2, 

0 otherwise, 0 otherwise, 

1 if € {0,T}, 1 ifXe {0,T}, 
maOA)=45 ifrA=ds, m(A)=45 fA=a, 

0 otherwise, 0 otherwise. 


Consider the mapping f : (X,71,72) > (Y,o1, 02) defined by f(a) = p and f(b) = q. Then 
(1, 2)-GRO(f-1(A, 3) < f-1(RC,, (A, $)) for each X € I”, but f is not (1,2)-GRF-continuous 
since 1 — X4 is a 4 -02-fuzzy closed set in Y, but f-'(1 — 4) is not a 4-(T1,72)- -grfc set in X. 

Theorem 5.12. Let f : (X,71,72) > (Y,01,02) be a mapping. If f is (i, 7)-GRF- 
continuous, then for each x, € Pt(X) and for each r-o;-fro set v € Y such that f(a) € v, 
there exists an r-(7;,7;)-grfo n in X such that x, € n and f(n) <v 


Proof. Let x, € Pt(X), let v be an r-o,-fro set in Y such that f(a,) € v. Since f is (i, 7)- 
GRF-continuous then, by Theorem , f~'(v) is an r-(7;,7;)-grfo in X such that x, € f~*(v), let 
n= f-*(v), then f(n) <v 


Theorem 5.13. Let f : (X,71,72) > (Y,01,02) and g : (Y,01,02) > (Z,m, 72) be 
mappings. Then: 


(1) Ifg is j-FR-continuous and f is (i, 7)-GRF-continuous, then gof is (i, j)- GRF-continuous. 


(2) If g is (i,7)-GRF-irresolute and f is (t,7)-GRF-irresolute, then go f is (i,9)- GRF- 
irresolute. 


(3) If g is (t,7)-GRF-continuous and f is (i,7)-GRF-irresolute, then go f ts (i,j)- GRF- 
continuous. 


Proof. We prove (1), and the proof of (2) and (3) are similar to (1). Let yz be an r-n,- fuzzy 
closed set of Z. Since g is a j-fuzzy regular continuous, then g~!(j) is an r-oj-fre set of Y. 
When f is (i, 7)-GRF-continuous, then (go f)~'(w) = f~'(g7*(u)) is an r-(7;,7;)-gric of X. 
Hence, go f is (¢,7)-GRF-continuous. 


We now introduce the definition of (i, j)-F. RT,/2 space in a smooth bts (X, 71,72). 
Definition 5.14. A smooth bts (X,71,T2) is said to be (i,j)-FRT\/2 space if every 
r-(Ti,7;)-grfe is an r-r;-fre set of X. 
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Theorem 5.15. If f : (X,71,72) > (Y,01, 02) is (¢,7)-GRF-irresolute and X is (i,7)- 


FRT,/2 space, then f is a j-F'R-continuous. 


Proof. Let y be an r-o;-fre set of Y. Then, from Proposition (1), we have that jy is an r- 
(7;,7;)-grfe of Y. Since f is (i,j)-GRF-irresolute, then f~1() is an r-(7;,7;)-grfc of X, but 
X is (i,j)-F RT,/2 space, which implies f~'(j) is an r-7;-fre set of X. Hence, f is a j-FR- 


continuous, since every r-o,;-frc set is r-o;-fuzzy closed. 
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§1. Introduction 


The theory of fuzzy sets was initiated by by L.A.ZADEH in his classical paper [12] in 
the year 1965 as an attempt to develop a mathematically precise framework in which to treat 
systems or phenomena which cannot themselves be characterized precisely. The potential of 
fuzzy notion was realized by the researchers and has successfully been applied for investigations 
in all the branches of Science and Technology. The paper of C.L.CHANG [3] in 1968 paved 
the way for the subsequent tremendous growth of the numerous fuzzy topological concepts. 
In 1989, KANDIL/4] introduced the concept of fuzzy bitopological space as an extension and 
generalization of fuzzy topological space.Rene Baire introduced the concept of first and second 
category in topology. To define first category Baire, relied on Cantor’s definition of dense 
sets and P.du Bois-Reymond’s definition of nowhere dense sets. Denjoy introduced the concept 
residual as the sets which are complements of first category sets around 1912. 

The concept of Baire spaces in fuzzy setting was introduced and studied by G. Thangaraj 
and S. Anjalmose in [6]. The concept of Baire spaces in fuzzy bitopological setting was intro- 
duced and studied by the authors in [8]. In this paper we introduce the concept of D-Baire 
bitopological spaces in fuzzy setting and investigate several characterizations of pairwise fuzzy 
D-Baire spaces. 


§2. Preliminaries 


Now we introduce some basic notions and results used in the sequel. In this work by 
(X,71,T2) or simply by X,we will denote a fuzzy bitopological space due to KANDIL[4] . By 
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a fuzzy Bitopological space we mean an ordered triple (X,7),T2) where T; and T2 are fuzzy 
topologies on the non-empty set X. 

Definition 2.1. Let \ and yw be any two fuzzy sets in a fuzzy topological space (X,T). 
Then we define: 


(i) AV w: X > [0,1] as follows: (A V w)(%) = max {A(x), u(x) }; 
(ii) AA fu: X > [0,1] as follows: (A A p)(a) = min {A(x), (x)}; 
(iii) wp = A° S p(x) = 1— A(z). 


For a family {A;/t € I} of fuzzy sets in (X,T), the union ~ = V;A,; and intersection 6 = AjA; 
are defined respectively as (x) = sup;{A; (x), x € X} and d(x) = inf; {rA;(x), uv © X}. 

Definition 2.2.) Let (X,T) be a fuzzy topological space. For a fuzzy set \ of X, the 
interior and the closure of \ are defined respectively as int(A) = V{pu/u < A, € T} and 
cl(A) = A{u/dA < pw, 1— we Th. 

Definition 2.3.'8] A fuzzy set \ in a fuzzy bitopological space (X,T,,T2) is called pairwise 
fuzzy nowhere dense if intr, (clp,(A)) = intr, (clr, (A)) =0. 

Definition 2.4. [ Let (X,T7,,T>) be a fuzzy bitopological space.A fuzzy set \ in 
(X,71, Tz) is called a pairwise fuzzy open set if X€ T,; and \€T). 

Definition 2.5. [ Let (X,T7,,7>) be a fuzzy bitopological space.A fuzzy set A in 
(X, 71, To) is called a pairwise fuzzy closed set if1—AET, and 1—-AET. 

Definition 2.6. [] Let (X,T7,,T2) be a fuzzy bitopological space.A fuzzy set A in 
(X, 7), T2) is called a pairwise fuzzy dense set if clr, (clr,(A)) = cz, (clr, (A)) =1. 

Definition 2.7 ®! Let (X,T,, Tz) be a fuzzy bitopological space.A fuzzy set \ in (X,T,,T2) 


is called pairwise fuzzy first category set if X = \/72, A; where A,’s are pairwise fuzzy nowhere 


dense sets in (X,7),7T2). A fuzzy set which is not pairwise fuzzy first category set is called a 
pairwise fuzzy second category set in (X,7), 72). 
Definition 2.8 §) Let (X,7), 72) be a fuzzy bitopological space.A fuzzy set \ in (X,T;,T2) 
is called a pairwise fuzzy residual set if its complement is a pairwise fuzzy first category set. 
Definition 2.9 ®!A fuzzy bitopological space (X,T;,T2) is called a pairwise fuzzy Baire 


if int(\V3=, Ai) = 0 where ,’s are pairwise fuzzy nowhere dense sets in (X,7}, 7»). 


§3. Pairwise fuzzy D-Baire spaces 


Definition 3.1 : A fuzzy bitopological space (X,T1,T2) is called a pairwise fuzzy D- 
Baire space if intr, (clr, (W324 (A;))) = intr, (clr, (W924, (i))) = 0 , where \,;’s are pairwise fuzzy 
nowhere dense sets in (X,7T\,T2). 

Example 3.1 : Let X = {a,b,c}. The fuzzy sets A , uw and v are defined on X as follows : 
vA: X —> [0, 1] is defined as \ (a) = 0.5; A (b) = 0.7; A (c) = 0.6. 
pu: X —>[ 0, 1] is defined as pu(a) = 0.4; pw (b) = 0.6; p(c) = 0.5. 

v: X —+ [ 0,1] is defined as v(a) = 0.6; v(b) = 0.5; v(c) = 0.4. 
Clearly T, = {0,A,4,u,AVU, EV U,A AV, WAY,AA (wV v), 1} and 
T> = {0, A, u, 1} are fuzzy topologies on X and (X,7T,, Tz) is a fuzzy Bitopological space . Clearly 
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1-A,1l-p,1-(AVv),1—(u Vv), and 1— (AA (uV v)) are pairwise fuzzy nowhere dense sets 
in (X,T), 72). Alsol-—p=(1-A)VQ-p)VOQ-(Vvv))V1=-(nVv))V(1- QA (eV v))) isa 
pairwise fuzzy first category set in (X,T,T2) . Also intr, (clp, (1—)) = int, (clr, (1-p)) =0 


. Hence the bitopological space (X,7T),T2) is a pairwise fuzzy D-Baire space 


Example 3.2 : Let X = {a,b,c}. The fuzzy sets A;(i=1,2,3 ) ,u;(j=1,2,3 ), are defined 
on X as follows : 
Ai : X —> [0, 1] is defined as Ay (a) = 0.5; A1 (b) = 0.7; Ar (c) = 0 
A2 : X —>+ [ 0, 1] is defined as Az (a) = 0.4; Az (b) = 0.6; Az (c) = 0 
A3 : X —+ [ 0, 1] is defined as Az (a) = 0.6; A3 (b) = 0.5; Az (c) = 0 
[41 : X —>[ 0, 1] is defined as pis (a) = 0.8; p41 (b) = 0.5; pr(c) = 0.7 
[lg : X —>[ 0, 1] is defined as pi2(a) = 0.6; poy (b) = 0.9; py (c) = 0.4. 
pg : X —>[ 0, 1] is defined as g(a) = 0.4; pg (b) = 0.7; ug(c) = 0.8. 
Clearly T, = {0,A1, A2,A3,A1 V A3,A2 V As, Ar A Ag, A2 A As, A2 A (Ar A Ag), 1} and Th = 
{0, M1, M2, 3, Ha V fl, Ha V fs, M2 V fs, Ha A fe, Ha A fs, M2 A fs, Ha V (M2 A Ba), Ha V (fA bs), ba V 
(11 A Ha), Ha A (2 V B3), He A (tr V Bs), M3 A (e1 V Ha), (Hi V He V Hs), 1} are fuzzy topologies on 
X and (X,7),T>2) is a fuzzy Bitopological space .a,3 and v are defined on X as follows : 
a: X —+| 0, 1] is defined as a(a) = 0.6; a (b) = 0.3; a(c) = 0.4. 
8B: X —+[ 0, 1] is defined as G(a) = 0.4; 8 (b) = 0.3; B(c) = 0.6. 
v: X —+ [ 0,1] is defined as v(a) = 0.6; v(b) = 0.5; v(c) = 0.6. 
Clearly a, 6, 1— Ay, 1 — 1, 1 — w3 and 1 — (1 V pg) are pairwise fuzzy nowhere dense sets in 
(X,7T1,T2) . Hence v = aV BV (1—A1)V (1— 1) V (1 = ps) V (1 — (141 V a )) is a pairwise fuzzy 
first category set in (X,T\,T2). But intr, (clr, (v)) = 1 A u2 4 0. Hence the bitopological 


space (X, 71, T2) is not a pairwise fuzzy D-Baire space. 


Proposition 3.1. Let (X,71, 72) be a fuzzy bitopological space .Then the following are 
equivalent: 
(i)(X,T1,T2) is a pairwise fuzzy D-Baire space. 
(ii)inty, (clr, (A)) = intr, (clr, (A)) = 0, for every pairwise fuzzy first category set \ in (X, 7), T>) 
(iii)cly, (intr, (u)) = clr, (intr, (w)) = 1, for every pairwise fuzzy residual set js in (X,T1,T>) 


Proof. (i)==> (ii). Let be a pairwise fuzzy first category set in the pairwise fuzzy D- 
Baire space (X,7T),T>). Then A = \/72, (lambda;) where ;’s are pairwise fuzzy nowhere dense 
sets in (X,71,T>) . Sine (X,T),T2) is a pairwise fuzzy D-Baire space, intr, (clr, (V2, (Ai))) = 
intr, (clr, (VFL, (Ai))) = 0. Hence intr, (clr, (A)) = intr, (clr, (A)) = 0, for every pairwise fuzzy 
first category set A in (X,T),7T2) . 

(ii) ==> (iii). Let ys be a pairwise fuzzy residual set in (X,T\,T>). Then 1 — p is a pairwise 
fuzzy first category set and hence, by hypothesis, intr, (cl7, (1 — 44)) = intr, (cdr,(1 — w)) = 0 
This implies that, cly, (intr, (u)) = clr, (intr, (u)) = 1. Hence we have clr, (intr, (u)) = 
clr, (intr, (41)) = 1, for every pairwise fuzzy residual set 4 in (X, 7,72) 
(iii) == (i). Let A;’s be pairwise fuzzy nowhere dense sets in (X,T;,T2). Then \ = V2, (Ai) is 
a pairwise fuzzy first category set and hence, 1— . is a pairwise fuzzy residual set in (X, 7,72). 
By hypothesis clr, (intr,(1 — A)) = d¢7, (intr, — A)) = 1. This implies intr, (clr, (A)) = 
intp,(clr,(A)) = 0. That is, intr, (clr,(V,(\i))) = intr, (clr, (V%210;:))) = 0. Hence 
(X, 71, T2) is a pairwise fuzzy D-Baire space. 
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Theorem 3.1.!8) Let (X,T,,T72) be a fuzzy bitopological space .Then the following are 

equivalent: 

(i)(X,7,,T2) is a pairwise fuzzy Baire space. 

(ii)intr, (A) = 0 ,( j=1,2) for every pairwise fuzzy first category set \ in (X,7),7>) . 
(iii)clr, (u) = 1, (j=1,2) for every pairwise fuzzy residual set pw in (X,T,, 72) 

Proposition 3.2. If (X,7,,T>) is a pairwise fuzzy D-Baire space then (X,7T,,7T>) is a 
pairwise fuzzy Baire space . 

Proof. Let be a pairwise fuzzy first category set in a pairwise fuzzy D-Baire s- 
pace (X,7\,T2) . By Proposition 1.1, int, (clp,(A)) = intr, (ely, (A)) = 0. Now intr, (A) < 
intr, (clp,(A)) and intp,(A) < intr, (clr, (A)) implies that intr, (A) = intr, (A) = 0, and by 
Theorem 3.1, (X,71, T2) is a fuzzy Baire space. 

Proposition 3.3. If the fuzzy bitopological space (X,T1,T>) is a pairwise fuzzy D- 
Baire space , then no nonzero pairwise fuzzy open set is a pairwise fuzzy first category set in 
(XT: 5). 

Proof. Suppose that the nonzero pairwise fuzzy open set is a pairwise fuzzy first 
category set in (X,7,,T>) . Since (X,7,,7>2) is a pairwise fuzzy D-Baire space and X is a 
pairwise fuzzy first category set implies intr, (clr, (A)) = intr, (clr, (A)) = 0. But A is a pairwise 
fuzzy open set in (X,71,T2), intr,(A) = A (i=1,2) . This gives inte, (A) < intr, (cla, (A)) 


and intp,(A) < intr,(clr,(A)). This implies that intr, (A) = intr,(A) = 0 and so A = 0, a 
contradiction to A, being a nonzero pairwise fuzzy open set . Hence no nonzero pairwise fuzzy 
open set is a pairwise fuzzy first category set in a pairwise fuzzy D-Baire space (X,7T}, 72). 

Proposition 3.4. If (X,7\, 7») is a pairwise fuzzy D-Baire space and if V2, (A;) =1 then 
there is exists atleast one fuzzy set A; such that either intr, (clr, (A;)) 4 0 or intr, (ely, (Ai)) F 
0. 

Proof. Suppose intr, (clp,(A;)) = 0 and intr, (clr, (A;)) = 0 for alli, then .,’s are pairwise 
fuzzy nowhere dense sets in (X,7T\,T2) . Then V?2, (Ai) = 1 implies that intr, clp, (V724(Ai)) = 
intr,clp,(1) = 1 # 0, a contradiction to (X,T,,T)) being a pairwise fuzzy D-Baire space in 
which intr, clr, (V%,(Ai)) = inta,elr, (V%21(i)) = 0. Hence either intr, (clr, (Ai)) #4 0 or 
intr, (clr, (Ai)) 4 0 for atleast one i in (X,7,, 7»). 

Proposition 3.5. If intr, (elp,(V72,(Ai))) = intr, (el, (V2, (Ai))) = 0 where intr, (Ai) = 
0 ,( j=1,2) and A,’s are pairwise fuzzy closed sets in (X,T1,7T2), then the fuzzy bitopological 
space (X, 71, T2) is a pairwise fuzzy D-Baire space. 

Proof. Let ,’s be pairwise fuzzy closed sets. Then cl7p,(A;) = 4 ( j=1,2) . Now 
intr, (Ai) = 0 ( j=1,2) implies that intr, (clr, (Ai)) = intr, (clr, (Ai)) = 0 .Therefore \;’s are pair- 
wise fuzzy nowhere dense sets in (X, 7), T2). Hence intr, (clr, (V7, (Ai))) = intr, (clr, (V1, 0i))) = 
0 where \,;’s are pairwise fuzzy nowhere dense sets in (X,7\,72) implies the pairwise fuzzy D- 
Baire space. 

Theorem 3.2.!'° If \ < pw and p is a pairwise fuzzy first category set in a fuzzzy 
bitopological space (X,71, 72) then is also a pairwise fuzzy first category set . 

Proposition 3.6. If wis any fuzzy set such that pw < A, where A is any pairwise fuzzy first 
category set in a pairwise fuzzzy D-Baire space (X,71, 72) then y is a pairwise fuzzy nowhere 
dense set. 
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Proof. Let \ be a pairwise fuzzy first category set in (X,71, 72) and ys be any fuzzy set 
in (X,71,T2) such that p < A. By Theorem 3.2, yz is also a pairwise fuzzy first category set. 
Since ys is a pairwise fuzzy first category set in the pairwise fuzzy D-Baire space (X,7T\,T>), 
by Proposition 3.1, we have intr, (clr,(A)) = intr, (clz,(A)) = 0. Hence p is a pairwise fuzzy 


nowhere dense set. 


Theorem 3.3.'°! If \ is a pairwise fuzzy nowhere dense set in a fuzzy bitopological space 
(X,71,T2), then 1 — d is a pairwise fuzzy dense set in (X,71, 72). 


Proposition 3.7. If (X,7,,7>) is a pairwise fuzzy D-Baire space then every pairwise 
fuzzy residual set in (X,7;, 72) is a pairwise fuzzy dense set. 


Proof. Let \ be a pairwise fuzzy residual set in (X,7),T2). Then 1 — \ is a pairwise 
fuzzy first category set. Since (X,7T\,7T>) is a pairwise fuzzy D-Baire space, 1 — X is a pairwise 
fuzzy nowhere dense set. By Theorem 3.3, \ = 1 — (1 — A) is a pairwise fuzzy dense set. 


Proposition 3.8. If ju is any fuzzy set such that \ < yu, where \ is any pairwise fuzzy 
residual set in a pairwise fuzzzy D-Baire space (X,T,, T>2), then py is a pairwise fuzzy dense set. 


Proof. Let \ be a pairwise fuzzy residual set in (X,7),7T2) and pu be any fuzzy set in 
(X,7T,, T2) such that A< pp. Now 1—w < 1—A and 1— is a pairwise fuzzy first category set. 
Hence by Theorem 3.2, 1 — ys is a pairwise fuzzy first category set in pairwise fuzzy D-Baire 
space (X,7,, 72) . Then yp is a pairwise fuzzy residual set and hence by Proposition 3.7, wis a 


pairwise fuzzy dense set. 


Proposition 3.9. If the pairwise fuzzy first category set \ , is a pairwise fuzzy closed set, 
in a pairwise fuzzy Baire space (X,7), 72), then (X, 7), T2) is a pairwise fuzzy D-Baire space . 


Proof. Let » be a pairwise fuzzy first category set in a pairwise fuzzy Baire space 
(X,7T),T2) and clr,(A) = A ...(1) (i = 1,2) By theorem 3.1, intr,(A) = 0 ...(2) (i = 1, 2) 
, for the pairwise fuzzy first category set \ in (X,7,,T2). Then, from (1) and (2), we have 
intr, (clr, (A)) = intr, (clr, (A)) = 0. Hence, by proposition 3.1, (X,71,T2) is a pairwise fuzzy 
D-Baire space . 


Proposition 3.10. If the pairwise fuzzy residual set yz , is a pairwise fuzzy open set, in 
a pairwise fuzzy Baire space (X,7T\,T2), then (X,7\, 72) is a pairwise fuzzy D-Baire space . 


Proof. Let » be a pairwise fuzzy first category set in a pairwise fuzzy Baire space 
(X,71,T>). Then 1 — is a pairwise fuzzy residual set. By hypothesis 1 — X is a pairwise fuzzy 
open set in (X,7,,7>). Hence A is a pairwise fuzzy closed set. This implies that the pairwise 
fuzzy first category set A , is a pairwise fuzzy closed set, in the pairwise fuzzy Baire space 
(X,71, 72). By proposition 3.9, (X,T;,T2) is a pairwise fuzzy D-Baire space . 

Proposition 3.11. If the fuzzy bitopological space (X,T,,T>) is a pairwise fuzzy first 
category space then (X,71, 72) is not a pairwise fuzzy D-Baire space . 


Proof. Let (X,T,,7 2) be a pairwise fuzzy first category space . Then V%,A; = lx 
where \,’s are pairwise fuzzy nowhere dense sets in (X,71,T2) . Then intr, (cl7,(V%,(Ai)) = 
intr, (clr, (1)) = intr, (1) = 1 4 Oand intr, (clr, (V%21(Ai)) = intr, (car, (1)) = intr, (1) =1 40. 
Hence (X, 71, T2) is not a pairwise fuzzy D-Baire space . 
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84. Inter-relations between pairwise fuzzy strongly irre- 
solvable spaces, pairwise fuzzy submaximal spaces and pair- 


wise Fuzzy Baire spaces 


Proposition 4.1. If (X,71, 7») is a pairwise fuzzy submaximal space ,then (X, 71, T>) 
is not a pairwise fuzzy D-Baire space . 

Proof. Let (X,7\,T2) be a pairwise fuzzy submaximal space.Suppose that (X, 7T,, T>) 
is a pairwise fuzzy D-Baire space. Let \ = V%2,A;, be a pairwise fuzzy first category set in 
(X,7\,T2) . Then A,’s are pairwise fuzzy nowhere dense sets. This implies int, (clr, (Ai) = 0 
and intr, (clr, (Ai) = 0. Now intr, (Ai) < inte, (el, (AXi)) and inte, (Ai) < intr, (clr, (Ai)), im- 
plies that int, (A;) = 0 and intr, (A;) = 0. Then 1 — inty,(A;) = 1 and 1 — intp,(A\;) = 1 
implies that clp,(1 — A;) = 1 and elp,(1 — Ay) = 1. This implies that cl7, (clp,(1 — Ai)) = 1 
and clp,(clp,(1 — Ai)) = 1. Hence 1 — ;’s are pairwise fuzzy dense sets in (X,71,T2) .Now 
intr, (1 — Ay) = 1 - (el, (Xa) < (1 — XG) and intr, (1 — Ay) = 1 - (el, (Xi)) < (1 — 4). Hence 
intr, (1 — A) # (1 — A) and intr, (1 — Ai) # (1 — Ai) and therefore (1 — ;)’s are not pairwise 
fuzzy open sets in (X,T,,7>) . But this is a contradiction to (X,7,,72), being a pairwise 
fuzzy submaximal space, in which each pairwise fuzzy dense set is pairwise fuzzy open set in 
(X,7,, 72). Hence our assumption that (X,T),7T2) is a pairwise fuzzy D-Baire space does not 
hold. Thus every pairwise fuzzy submaximal space is not a pairwise fuzzy D-Baire space . 


Under what conditions, a pairwise fuzzy submaximal space is a pairwise fuzzy D-Baire 
space? The answer, for this question,is given in the following proposition. 

Proposition 4.2. If the fuzzy bitopological space (X,T),T2) is a pairwise fuzzy sub- 
maximal space and pairwise fuzzy Baire space, in which every pairwise fuzzy residual set is a 
pairwise fuzzy dense set in (X,7), 72), then (X,7), 72) is a pairwise fuzzy D-Baire space . 

Proof. Let (X,7,, 72) be a pairwise fuzzy submaximal Baire space and 4 be a pairwise 
fuzzy residual set in (X,71,72). By hypothesis, \ is a pairwise fuzzy dense set . Also since 
(X,7T,,T>) is a pairwise fuzzy submaximal space, for the pairwise fuzzy dense set A , we have 
\ € T; (i = 1,2 ). Hence the pairwise fuzzy residual set \ is a pairwise fuzzy open set in 
(X,71, T2). Then, by proposition 3.11, (X,71, T2) is a pairwise fuzzy D-Baire space . 

Definition 4.1.2] A fuzzy bitopological space (X,T,T2) is said to be a pairwise fuzzy 
strongly irresolvable space if for each pairwise fuzzy dense set \ in (X,71, T2), cl, (intr, (A)) = 
clp, (intr, (A)) =: 

Theorem 4.1.) If the fuzzy bitopological space (X,T,,T>) is a pairwise fuzzy Baire 
space, then each pairwise fuzzy residual set is a pairwise fuzzy dense set in (X, 71,7»). 

Proposition 4.3. If the fuzzy bitopological space (X,7T,,T>) is a pairwise fuzzy strongly 
irresolvable Baire space, then (X, 71,72) is a pairwise fuzzy D-Baire space . 

Proof. Let (X,7),T2) be a pairwise fuzzy strongly irresolvable Baire space and \ be a 
pairwise fuzzy residual set in (X,7T,T>). Since (X,T\,T>) is a pairwise fuzzy Baire space, by 
Theorem 4.1, » is a pairwise fuzzy dense set . Also since (X, 71, Tz) is a pairwise fuzzy strongly 
irresolvable space, for the pairwise fuzzy dense set A , we have clr, (intr, (A)) = clp, (intr, (A)) = 
1. Then by Proposition 3.1, (X,7T),T2) is a pairwise fuzzy D-Baire space . 
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Definition 4.2.9! A fuzzy bitopological space (X,7T1, 72) is said to be a pairwise fuzzy 
almost resolvable space , if V?2,(Ax) = 1, where the fuzzy sets »;,’s in (X,T),T2) are such that 
int, (Ax) = 0,( i=1,2) . 

Theorem 4.2.!! If the fuzzy bitopological space (X,T,,T>) is a pairwise fuzzy Baire 
space, then(X,7), 72) is a pairwise fuzzy second category space. 

Proposition 4.4. If the fuzzy bitopological space (X, 71, T>) is a pairwise fuzzy D-Baire 
space then (X,71, T2) is not a pairwise fuzzy almost resolvable space. 

Proof. Let (X,71,T2) be a pairwise fuzzy D-Baire space. Then, by proposition 
3.2,(X,71,T2) is a pairwise fuzzy Baire space. By Theorem 4.2, is a pairwise fuzzy second 
category space, and hence (X,71,7 2) is not a pairwise fuzzy first category space. This im- 
plies that V7°,(Ax) 4 1 , where A;’s (k = 1 to oo) are pairwise fuzzy nowhere dense sets 
in (X,7\,T2). Since Ax’s (k = 1 to co) are pairwise fuzzy nowhere dense sets in (X,71, 72), 
intr, (clr, (An)) = intr, (clr, (An)) = 0. Also, since intr, (An) < intr, (clr, (Ax)) and intr, (AK) < 
intr, (clr, (Ax)) ,intr,(An) = 0 (i=,2). Hence VP2, (An) 4 1 ,where intr, (Ax) = 0, (i = 1,2). 
Therefore (X,7T\,T>) is not a pairwise fuzzy almost irresolvable space. 

Definition 4.3. A fuzzy bitopological space (X,T,, Tz) is called a pairwise fuzzy nodec 
space if every non - zero pairwise fuzzy nowhere dense set in (X, 71, T2), is a pairwise fuzzy closed 
set in (X,7),7T2) .That is, if \ is a pairwise fuzzy nowhere dense set in a fuzzy bitopological 
space (X,71, 72), then 1—A€ T; (i = 1,2 ). 

Proposition 4.5. If (X,71, 72) is a pairwise fuzzy nodec space , then (X,7), 72) is not 
a pairwise fuzzy D-Baire space . 

Proof. Let \ = V%2,Aj, be a pairwise fuzzy first category set in (X,71,T2) .Then 
\;’8 are pairwise fuzzy nowhere dense sets in (X,7,,T2) . But (X,7T,,T>2) is a pairwise fuzzy 
nodec space, hence A,’s are pairwise fuzzy closed sets and cl7,(A;) = Ax , j=1,2 . Now 
intr, (A) = intr, (V%21QO;i)) = intr, (V2ydr, (i) > V2 intr, (alr, (Ax) . Since A,’s are pair- 
wise fuzzy nowhere dense sets in (X,T\,T>)), intr, (clr, (Ai) = 0. Hence we have intr, (A) 4 0 
and 0 4 intr, (A) < intr, (clp,(A)) implies that intr, (clr, (A)) 4 0. Therefore by proposition 
3.1, (X,T1,T2) is not a pairwise fuzzy D-Baire space . 

Theorem 4.4.9 Let (X,T,,T72) be a pairwise fuzzy strongly irresolvable space. Then \ 
is a pairwise fuzzy dense set in (X,7T,,72) if and only if 1 — » is a pairwise fuzzy nowhere dense 
set. 

Proposition 4.6. Let (X,71,72) be a pairwise fuzzy strongly irresolvable space. Then 
(X,71, T2) is a pairwise fuzzy D-Baire space if and only if (X,71, T2) is a pairwise fuzzy Baire 
space. 

Proof. Let (X,T\,T2) be a pairwise fuzzy D-Baire space. By proposition 3.2, (X, T,, T>) 
is a pairwise fuzzy Baire space. 

Conversely (X,7), 72) is a pairwise fuzzy Baire space and pairwise fuzzy strongly irresolvable 
space. Let \ be a pairwise fuzzy first category set in (X,71,T2) . Then 1— A is a pairwise fuzzy 
residual set in (X,7,,7T2) . Since (X,T,,T>) is a pairwise fuzzy Baire space, by Theorem 4.1, 
1—A is a pairwise fuzzy dense set in (X,T1,T2). Since (X, 7, T2), is a pairwise fuzzy strongly 
irresolvable space, cl, (intr, (1 — A)) = 1 and clr, (intr, (1 — A)) = 1. Then intr, (clr, (A)) = 0 
and intr, (clr, (A)) = 0, hence by proposition 3.1, (X,71, 72) is a pairwise fuzzy D-Baire space. 
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Proposition 4.7. Let (X,71,72) be a pairwise fuzzy strongly irresolvable space. Then 
(X,71, T2) is a pairwise fuzzy D-Baire space if and only if \ = A%,A;, where \,;’s are pairwise 
fuzzy dense sets, is a pairwise fuzzy dense set in (X, 7, T>). 

Proof. Let (X,71,T72) be a pairwise fuzzy strongly irresolvable and pairwise fuzzy D- 
Baire space . Let A = A%,A;, where \,;’s are pairwise fuzzy dense sets in (X,T), 72). We have 
to prove that A is pairwise fuzzy dense set. Now 1 — \ = V%,(1 — 4;) and since (X, T), Ta) 
is a pairwise fuzzy strongly irresolvable space by Theorem 4.4, (1 — \;)'s are pairwise fuzzy 
nowhere dense sets in (X,71,7T>). Hence 1 — A is a pairwise fuzzy first category set. Since 
(X,7,T2) is a pairwise fuzzy D-Baire space, by proposition 3.1, intr, (clr,(1 — »)) = 0 and 
intr, (clr, (1—A)) =0. This implies that 1—intr, (clp,(1—A)) = 1 and 1—int?, (clr, (1—A)) = 1 
. Hence clr, (intr, (A)) = 1 and clr, (intr, (A)) = 1. Since clr, (intr, (A)) < clr, (clr, (A)) and 
cl, (intr, (A)) < elz, (clr, (A)), we have, cl, (clr, (A)) = elt, (clr, (A)) = 1 and 4 is pairwise fuzzy 
dense set.Conversely suppose ’ = A%2,A;, where ,;’s are pairwise fuzzy nowhere dense sets, is 
a pairwise fuzzy dense set in (X,7T1,T>). We have to prove that (X,71, 72) is a pairwise fuzzy 
D-Baire space. Let ju be a pairwise fuzzy first category set. Then p = \/%~, ui, where ju;’s are 
pairwise fuzzy nowhere dense sets in (X,T\,T2). Now 1 — p = A%,(1 — p;). Since (X,T;, Ta) 
is a pairwise fuzzy strongly irresolvable space and j4;’s are pairwise fuzzy nowhere dense sets, 
by theorem 4.4, (1 — y;)/s are pairwise fuzzy dense sets . Therefore, by hypothesis, 1 — yu 
is a pairwise fuzzy dense set in a pairwise fuzzy strongly irresolvable space (X,T),7T2). Hence 
cl, (intr, (1—)) = clr, (intr, ((1—4)) = 1. This implies that int, (clr, (u)) = intr, (clr, (u)) = 
0. Hence, by proposition 3.1, (X,7 1, Tz) is a pairwise fuzzy D-Baire space. 

Remark 4.1. In view of proposition 4.6 and proposition 4.7, we have, the following 
result. Let (X,7),72) be a pairwise fuzzy strongly irresolvable space. Then the following are 
equivalent. 

(i)(X, 71, T2) is a pairwise fuzzy Baire space. 

(ii)(X, T1, Tz) is a pairwise fuzzy D-Baire space. 

(iii) A = AZ2,A;, where ,’s are pairwise fuzzy dense sets in (X,T,,T2), is a pairwise fuzzy dense 
set in (X, 7,72). 

Theorem 4.5.!!°] If every pairwise fuzzy G5 set is fuzzy pairwise dense in a pairwise 
fuzzy submaximal and pairwise fuzzy strongly irresolvable space (X, 71, Tz), then (X,7\, 72) is 
a pairwise fuzzy Baire space. 

Proposition 4.8. If every pairwise fuzzy G5 set is fuzzy pairwise dense in a pairwise 
fuzzy submaximal and pairwise fuzzy strongly irresolvable space (X, 71, Tz), then (X,7\,T>) is 
a pairwise fuzzy D-Baire space. 

Proof. Proof follows from Remark 4.2 and Theorem 4.5. 

Theorem 4.6.!!° If every pairwise fuzzy G5 set is a pairwise fuzzy dense set in a pairwise 
fuzzy strongly irresolvable and pairwise fuzzy nodec space (X,71, 72), then (X,71,7>) is a 
pairwise fuzzy Baire space. 

Proposition 4.9. If every pairwise fuzzy Gs set is a pairwise fuzzy dense set in a 
pairwise fuzzy strongly irresolvable and pairwise fuzzy nodec space (X, 7, 72), then (X, 7,72) 
is a pairwise fuzzy D-Baire space. 

Proof. Proof follows from Remark 4.2 and Theorem 4.6. 
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81. Introduction and preliminaries 


The dual of the space of functions of bounded variation was studied by K. K. Aye and P. 
Y. Lee [2] which was dedicated to Prof. J. Kurzweil on the occasion of his 80th birthday. Hilde- 
brandt [8] has characterized continuous linear functionals on the space of bounded variation 
(BV) regarding BV as a two-norm space. The Henstock delta integral on time scales was intro- 
duced by Allan Peterson and Bevan Thompson [11] and Henstock-Kurzweil integrals on time 
scales was studied by Brian S. Thomson [13]. We relate the time scales version of integration 
to the usual form. This relation shows that most of the properties of a time scale integral can 
be realized by using the techniques tailored to the time scale setting. See ( [1], [3], [4], [9], [10] 
and [13]). 


A time scale T is any closed non-empty subset of R, with the topology inherited from the 
standard topology on the real numbers R. 

Let T be a time scale, a,b € T,a < b, and I = [a, b|7. A partition of J is any finite ordered sub- 
set P = to, t1,...,tn C [a,b]7, where a= to <t) <...<t, =b. Each partition P = to, t1,..., tn 
of I decomposes I into subintervals Ip, = [ti-1, tilo, 

i =1,2,...,n, such that Io, N1o, = @ for any k i. By At; = t; — ti_-1, we denote the length 
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of the i*” subinterval in the partition P; by P(Z) the set of all partitions of I. See ( [1]- [6]). 


Let us employ diamond symbol to represent delta and nabla operators in order to avoid repe- 
tition with respect to the approach promoted by Bartosiewicz and Piotrowska [3]. We denote 
one of them by Jy where © means either A or V. Similarly, we use “O“ as a common notation 
for the two kinds of derivatives on time scales. We can read f° as either f* or fY. 


Definition 1.1. Let X be a normed linear space and f : [a,blr ~ X. Let g be a non- 
decreasing function defined on [a,b]y and let P = {to,ti,...,tn} be a tagged partition of {a, b]r. 
The Henstock-Kurzweil-Stieltjes sum S(Ps, f,g) of f with respect to g on partition P, is defined 
by 


S(P5, f,9) = Yo No ti) — g(ti-1)]- 


Since Og, = g(ti) — g(ti-1), therefore, the Se ae sum can be written as 


S(P5, f,9) =n) ai: 


Definition 1.2. Let X be a normed linear space and f : [a,b|¢ > X is Henstock-Kurzweil- 
Stieltjes-O-integrable with respect to a monotone increasing function g on [a,b|r if there is a 
number L of member of X such that for every ¢ > 0, there exists a 6(t) > 0 for [a, b]y such that 

IIS(Ps, f, 9) _ L|| <6, 


for each define partition of [a,b]r such that ||P|| <6 and tj-1 <& <ti, t=1,2,...,n and &; 


is arbitrarily chosen in [tj-1, ti] . 


We say that L is the Henstock-Kurzweil-Stieltjes-O-integral of f with respect to a monotone 


increasing function g over [a, b]r, and write 


b 
| i f(t)O9(8)|| = 


Definition 1.3. Let f : [a,b]r > X and P = {to,ti,...,tn} be any partition of [a, b]r. 
Define 


|BCP)I| = Df Olat) — g(ti-1)]}.- 


The function f is said to be of bounded variation on [a,b] iff there is a real number M such 
that ||B(P)|| < M for all partitions P of [a, b|r. 

Definition 1.4. ( /7/). If f is of bounded variation on [a,b|r, the total variation of f 
over [a, b]r is defined as ||V(f; a, b)|| = sup{|B(P)|: P is a partition of [a, blr}. 
If f is monotone, then for each partition P, 


|BCP)|| = DNFOlo(t) — g(ti-r)]| 
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collapses to || f(b) — f(a)|| or || f(a) — f()||, depending on whether f is increasing or decreasing 
respectively. 
Thus, if f is monotone on [a, b|r, then f is of bounded variation on [a,b] and ||V(f;a, 6)|| = 


If) — Fla) 


§2. The Main Results 


In this section, we prove some mean value theorems on bounded variation of the Henstock- 
Kurzweil-Stieltjes-O-integral for normed linear space-valued functions on time scales. The fol- 


lowing theorems will be used in the prove of mean value theorems. 


Theorem 2.1. Suppose that f : [a,blr —~ X and g: [a,blr — X are bounded, that 
yp: la,blr > X and w: [a,b]r > X are of bounded variation, and that f,g € R(y) NRW). 
Then 
(i) for all real numbers m and n, mf (t) + ng(t) € R(y) and 


b 


b b 
J erse) zngnoe® =m [poe +n f a(t)ov(t): 


(it) for all real numbers m and n, f(t) € R(my(t) + nv(t)) and 


b b b 
[ fo oimet) +m) =m f foe) +n [ FEHOvL. 


Proof. (i). Suppose f,g € R(y) and that m and n are real numbers. 
Let f,g € R(vy) NR(vg — ¢). Thus, 
mf (t) + ng(t) € Rwy) AN R(vy — ¢); that is, mf +ng € R(y) and 


b 


b 
J rs) ng )ovgm — [ (mf +41) Owe — oO) 


a 


I 


b 
[ (nf) + ng noe 


I 


mf HO 0v0+ [910% 

—m [ f)O(vgqy — v(t) - nf g(t) (vey — ¥(t)) 
7 mf soe) +n f stooel. 

(ii). If f € R(y) NR(w), then there are increasing functions v1, %2, U1, #2 such that 


f € R(g1) NR(p2) NR(Y1) NR(Y2) 


and y = 91 — y2, PW = 1 — Y2. 
Then 
fe R(yi +1), f © R(v2 + y2), 
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[ s00 i) + dat y= [70 ()Ovr(t) + fr ovr (t) 
[ soo £) + volt y= fx Oval) +f 10 (4)Oba(t) 


Now, 9+ ¥ = (~1 + Y1) — (2 + Y2), hence f € R(y +) and 


ii " FOO LE) + n= [50 FHO(erlt) + anit y- [50 F()O(valt) + volt) 


a pales - FHOlWwr(t) - of f(HO(yalt) - nto F(HO walt) 
- [ roo [40 


It is now remains to show that f € R(y) implies f € R(my) and 


b b 
/ f(t)O(mg(t)) =m / F(t)Ov(t) 


As above, let’s assume that 1, 2 are increasing with f € R(y1) NR(y2) and y = yi — go. If 


and 


m > 0, then my; and mg are increasing, f € R(my1) A R(mye) and 


[ soo O(myi(t y=m fr 


for 7 = 1,2. Ifm < 0, then —my 1 and —myz are increasing, 
f €R(—mygi) NR(—myze) and 


[ soo —mei(t =m fi 1001 


Now my = mypi—my2 = —my2—(—my_). Hence, in either case, m > 0 orm < 0, f € R(my), 
b b 
| some) =m [soe 


Theorem 2.2. (Partial Integration Formula). 
Suppose that f : [a,b]r > X and g: [a,b]r — X are of bounded variation and that f € R(g). 
Then g € R(f) and 


if #0 (Hoalt)l = IF Oa ata — tif 9 


Proof. Choose ¢ > 0. There is a partition P of [a, b]7 such that if Q is a refinement of P, then 


and 


S(Q, f.9) )- fro (1)Og(t)|| <e. 
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Suppose Q = {to, t1,...,tn} is a refinement of P and sz € [t,-1 —tx]7 is chosen for k = 1, 2,...,n. 
Then 
Q = Q U {to, ti, totic 


is a partition of [a, b]7, which is a refinement of P. 


Now 
II f(0)9(b) — F(a)g(a)ll = S lf (tea (te) — Sof (ter) 9 (tev), 
k=1 k=1 
and 
S(Q,9,f) = yo te) f(te-1)|; 
hence 
lf ()9(®) — Fl@g@)|l — S(Q, 9, f) 
= SUlF (te)o(te) — f (tea) 9(te—1) |- Lotto Ff (te—-1)] 
k=1 
= S- f(te)lg(te) — 9(sx)] +50 f(tr i)ig(s%) — g(tr—-1)] 
k=1 k=1 
= 5(Q', f.9) 
Thus, 


b 
IS(Q, 9, f) — [F()9(6) — Fla)g(a) — i FO)OgEII 


=if se og(t) — $(Q', Fra)ll <e- 


So by Theorem 2.1, g € R(f) and 


b b 
| / f(t)Og(t)|| = fa) — Fla)g(a) — i a()OF()I) 


We shall now prove the mean value theorems on bounded variation of the Henstock-Kurzweil- 
Stieltjes-O-integral for normed linear space-valued functions on time scales. 


Theorem 2.3. (First Mean-Value Theorem). 
Let f : [a,b] > X be continuous and g : [a,b]r > X be increasing, then there is c € [a, blr such 
that 


b 
i f(t)Og(t) = F(OL9(b) — 9(a)]. 


Proof. Let m = inf{ f(t): t € [a,b}p} and M = sup{ f(t) : t € [a, br}. 
Then 


b 
ml|[g(b) — g(a)}ll s i IFOg(t) < Mllg(6) — g@)]ll 
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hence there is a real number A such that m < A < M and 


b 
All[g(®) — g(@)ll = if fOOgO)I- 


Now, if f is continuous on {a, b]7, there is c € [a,b] such that f(c) =A. 
Therefore, 


b 
IIF(o)[9®) — g(@)IIl = uf fO)Og (II. 


Theorem 2.4. (Second Mean- Value Theorem). 
Suppose f : [a, bly + X is increasing and g : (a, b]y > X is continuous and of bounded variation 
ona, b]r. Then there is c € [a,b|7 such that 


b 
if FE)OGE| = IF(@l9© — 9(@] + FO)I[9®) — gO 


Proof. Assume that g : [a,b|¢ + X is continuous and of bounded variation on[a, |r. Then the 
continuity of g guarantees that v, and v,—g are continuous; hence, f € R(v,) and f € R(vg—g). 
Therefore, f € R(g). By Theorem 2.2, g € R(f) and 


b b 
if FHOOgO| = IIF()9®) — Fl@ga(@)ll - if g(t) OF (II. 


We may now apply the first mean-value theorem to ic g(t)Of(t) to conclude that there is 
c € |[a, b]r such that 


b 
IF) — Fla)IIl = if g(t)OF(E)|)- 
Thus, we have 
b 
if F(t)Og(E)|] = IF()9(6) — Fl@g(@) — 9 OF) — FTI 


= lf ™l9@) — 9] + F@l9© — g@)Ill- 
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Abstract Let n > 1 be an integer. The integer d = [[}_, pr is called an exponential divisor 
of n = []j_, py’, if bilas for every i € 1,2,---,s. Let 7) (n) denote the exponential divisor 
function. Similar to the generalization from d(n) to dx(n), 7“ (n) can be extended to 7 (n). 


In this paper, we investigate the case k = 3 and establish a short interval result for the r — th 
power of the function rf?) (n). 
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81. Introduction and preliminaries 


Many scholars are interested in researching the divisor problem and they have got a large 
number of good results. The study of the exponential divisor function is one of the most 
important problems in analytic number theory. In 1972, Subbarao [1] established the definition 
of exponential divisor: Let n > 1 be an integer of canonical from n = []°_, pf’. If d = []$_, vp? 
satisfies bj|a;, i € 1,2,---,s, then d is called an exponential divisor of n, notation d|en. By 
convention 1|.1. Besides, he also studied the mean value problem of exponential divisor function 
7)(n) = Valen | and got 

> 7’) (n) = Ar + E(a), 


n<u 


where 


J. Wu [2] improved the above result got the following result: 


S- ze) (n) = Ar + Br? + O(a loga), 


n<ux 


where 


ila) = da 
a= 1 (145 (a) g ) 


'This work is Supported by National Natural Science Foundation of China (Grant No. 11771256). 
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d(a—1)—d(a—2)+d(a 
p-[](1+y 2-4 ) = d(a 2) +d 


a=5 p? 
Subbarao [1] also proved that any positive integer r, 
Po) ee 
n<u 


where 


L. Toth [4] proved 


Sa (r(n))" = A,(x) + 2? Pyr_9(log x) + O(a""*®), 


n<u 


ortiiy 
Qrtiy1° 


where Pr_2(t) is a polynomial of degree 2" — 2 of t, u, = 


Similarly to the generalization of d;(n) from d(n), we extended r‘°)(n) and established a 


definition as follows: 
7O(n =i dx(a;), k > 2. 


pi *||n 


Obviously 7) (n) = r°)(n). 7£(n) is obviously a multiplicative function. The aim of this 


short text is to study the short interval case and prove the following. 
Theorem If x1+?* <y <x, then 


ye (7 (m))" - Cyy + O(yx-4 + O(xiti®)), 


a<n<aty 


(e) r 
where Cy = Res,=1V(s) and V(s) = Sie (73 “(”)) : 


=1 ns 


Notations Throughout this paper, e« always denotes a fixed but sufficiently small positive 


constant. We assume that 1 <a < b are fixed integers, and we denote by 


d(a, b; k) i er 


k= =nind 


and d(a,b;k) <k® will be used freely. 


§2. Some lemmas 


In order to prove theorem, we need the following lemmas. 


Lemma 1. Forr>1,s=a-+ it is a complex number, then we have 


Pe 


n=1 


7£0)( 
mo)" = ¢(s)¢3"-1(28)V(s), 


where the infinite series V(s) := So lo absolutely convergent for Rs > +. 


n=1 ns 
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Proof. By Euler’s product formula, we can get 


5 or" Ty (1. ON" ere, ee | a...) 


Ss 2S 3S As 
ar, 4 P P P p 
-T] (1+ 82 +80, $9, 40 , 894... 
; ps pes pes pts ps 
dB BP IGE. BE (1) 
=|] 14 gl aoe coe Waa ee 
2 Pp Pp Pp Pp Pp 
eet ae 
= G(s) I (1 prs | pts + ) 


where the infinite series V(s) := )77°, vin) is absolutely convergent for Rs > 4. 


Lemma 2. Let k > 2 be a fixed integer, 1 < y < x be large real numbers and 
B(x, y;k,€) := » 1. 
a<nm*<a+y 


m>ax° 


Then we have B(a,y;k,e) << yx~* + aH loge. 


Proof. This Lemma is very important when studying the short interval distribution, see [5]. 


Let f(n), h(n) be arithmetic functions defined by the following Dirichlet series for ts > 1. 


1 = c(yvio), (2) 
yA) = 1025), (3) 


Lemma 3. Let f(n) be an arithmetic function defined by (2), then we have 


S- f(n) = Cx + O(a***) 


n<u 


where C = Ress=1C(s)V(s). 


Proof. Since the infinite series >~~_, un) is absolutely convergent for ¢ > +, we have 


S- lv(n)| K wt. 


n<ux 


Therefore, from the definition of v(m) and (2), it follows that 


YS Fm) = SF fem) = Sok) YO 1 = SoHE + 002) = Cx t O(n? **) 


n<a km<a k<ax Mz k<au 


where C' = Res,=1¢(s)V(s). 
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§2. Proof of the Theorem 


From the definition of f(n) and h(n), we get 


n=1 (kim*)* k=1 ks m=1 ms n=1 (kim?)® 
n=km? 
then 
(7$9(n))" = SOF (&)h(m) 
n=km2 
and 
f(n) <n® h(n) <n®, 

so we have 

YS (YP @)-KePer= DY fornm=T+0D, wy 

n<aty n<ax a<km?2<a+y 1 2 
where 

v= MS ar) DY) FH, 


iy <hs Sy 


= DY lf&)ACm),. 


x<nm?<aty 
m>a* 


In view of Lemma 3, 


where C, = Res,=1¢(s)¢?’—!(2s)V(s). 


Six SO km «Ka YS 1 


a<km?<at+y a<km?<at+y 
m>ax* m>a* 
= 2° B(x,y;2,¢) < 2° (ya~* + x8 loge) (6) 


K yo? tasts, 
From (4)—(6), we get 


» (f(y) _ Cry + O(yx-4 + O(xit#e)), 


a<n<aty 


so the theorem is proved. 
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Abstract Many scholars are interested in researching the divisor problem, and they have 
obtained a large number of good results. However, there are many problems have not been 
solved. In this paper we shall study the mean value of b(n) with a negative r-th power by 
the convolution method. 
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§1. Introduction and preliminaries 


Let n > 1 be an integer. The integer d = []}_, pe is called an exponential divisor of 
n= [[j_, vp", if bila; for every i € {1,2,--- ,s}, notation: d|.n. By convention 1|¢1. 

Let 7)(n) denote the number of exponential divisors of n. The function 7“) is called the 
exponential divisor function. Similarly to the generalization of d,(n) from d(n), we define the 


function 7? (n): 


7)(n) = II dy(a;),k > 2, (1) 


pi®i||n 


Obviously when k = 2, that is 7°) (n). roe) (n) is obviously a multiplicative function. 
Throughout this paper, ¢ always denotes a fixed but sufficiently small positive constant. 
J.Wu [1] got the following result: 


S> 1) (n) = A(x) + Ba? + O(a? log), (2) 
where oo 
A=]Ja+»>> ae) “ 2 


“ d(a)—d(a—1 d(a — 2 d(a—3 
pee ( - ) + d(a — 3) 


B= |[q@4 ). 


'This work is Supported by National Natural Science Foundation of China (Grant No. 11771256). 


a=5 
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M.V.Subbarao [3] also proved for some positive integer r: 


Yo (n)y’ ~ Ara, (3) 


n<ux 


where 


<> (d(a))" = (d(a = 1)" 
Lali Oe 
ns P 
Laszlo Toth [4] improved the result above and established a more precise asymptotic for- 
mula for the r-th power of the function 7 (n): 


So (7 (n))" = Apar + 03 Pyr_o(log.n) + Oe"), (4) 


nN<u 


Let ()(n) denote the number of divisors d of n such that d and n have no common 
exponential divisors. ¢© is multiplicative and for every prime power p* (a > 1), ¢(p*) = 
¢(a), where ¢ is the Euler function. 

In this paper, we will study the asymptotic formula for the mean value of the r-th power 
of the function ¢)(n), where r > 1 is an integer. 

Theorem 1.1. For every integer r > 1 and N > 1, then we have 


N 
$2 (© (n))-" = Bra + 3 log? "~? S~ d;(r) log? x + O(a" **), (5) 
n<u j=0 
for every ¢ > 0, where do(r), di(r),--+ ,d(r) are computable constants, t, := g¢-———, @g-r_1 
277-1 


is as defined in Lemma 2.2, and 


Bee, ee 


pe 


§2. Some lemmas 


In order to prove our theorem, we define for an arbitrary complex number k the general 


divisor function d,(n) by 
So de(n)n-* = CFs) = T] a —pn8)-8 is > 1, (6) 
n=1 P 
where a branch of ¢*(s) is defined by 
¢H(s) = exp{ log C(s)} = exp(—& 7 sp F) Rs > 1. (7 
p j=l 


The definition shows that d;,(n) is multiplicative function of n which generalizes d;,(n). 
The divisor function d;,(n) (k > 2 a fixed integer) may be defined by 


So dk(n)n* = ¢*(s) = ]]G—p*)*, Rs > 1. (8) 


Pp 
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In this section, we give some lemmas which will be used in the proof of our theorem. Lemma 
2.2 and Lemma 2.3 can be found in [5] and [6]. 
Lemma 2.1. For r > 1, then we have 


(e)( Wie r) xg 
yee ie = ¢(s)¢?"-1(3s)H(s), 


where the infinite series H(s) := 3°, 2@ 


1 =~ is absolutely convergent for Rs > =. 


Proof. By Euler’s product formula, we can get 


(g(n))—" _ (GO), GOR)", GOW) 

2d ns II (1 ps : ps : pes , ) 
_ (@0))" |, (G2) | (GB) =| (AN 
— II (1 ps pes ' pes : pts : ) 
[ _ 1 1 : =F 9-r 4-7 e 6-" (9) 
=: II (1 ps ' ps pes pts oP ps : 6s | ps ¥ ) 

27-1 47-2" Q2°-4 7° 6 7-27 

=¢(s) |] (1 Se oe ge ) 


where the infinite series H(s) := 37°, hn) is absolutely convergent for Rs > £. 


Lemma 2.2. Suppose k > 2 is an integer. Then 


k-1 
D,(x) = S- dy(n =e eH cj (log x)? + O(a*T*), 
j=0 


nN<ax 


where c; is a calculable constant, ¢ is a sufficiently small positive constant, a, is the infimum 
of numbers a;, such that 


= S- dj, (n) — tPy_1 (log x) K at, (10) 
n<ux 
and 
131 43 
SP AiG. Oe 
3k -—4 
a 8 
Ak Ak ’ pass ses. 
< oo <—,ai< Ks 
eae a O10 eq” = 79’ 
per, 12<k<25 
k-1 
< 26<k< 
Ak eae 6< 50, 
31k — 98 
1<k< 
apn < 39k? 5 < 57, 
7k — 34 
k>58 
Ak 7k” a 
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Lemma 2.3. Suppose f(m), g(n) are arithmetical functions such that 
J 


S34 f(m) = oP (log x) + O(a — > | g(n x’), 


mu j=l n<u 


where a} > a2 >--- > ay >a> 8 >0,P;(t) is a polynomial in t. If h(n) = 0g f(mg(4), 
then 


J 
Y> h(n) = $5 aw Q;(log x) + O(2*), 


n<ax j=l 


where Q,(t) {7 =1,---, J} is a polynomial in t. 


§3. The mean value of d;(m) 


Theorem 3.1. Let A > 0 be arbitrary but fixed real number. If |k] < A, then uniformly 


ink 


S> dy(m) =C*(3)a + 3 Qh (loge) + O(a **), (11) 


m3l<ax 


where a, is as defined in Lemma 2.2, Q,—-1(logz) is a polynomial of degree k — 1. 


Proof. By hyperbolic summation formula, we have 


S> dk(m) = $5 de(m) 55 1455 $0 dke(m)—- SO d&ke(m) 01 


mel<ax m<y mel<ax I<z m3l<a m<y I<z (12) 


= Sy + So — $3, 


where y, z are parameters that will be determined later, and satisfy that y?z = 2,1 < y < 2. 
Now, we deal with $),.52 and S3 separately, 


= So dk(m) So 1 = So dg(m)| 


m<y mel<ax m<y 
= Ss dy(m 
msy msy 
(13) 
Ge) dk (™m) 
=f 73 cy aa +O So de(m 
m=1 m>y m<y 


cx SS axl) + O(y'**). 


m>y 
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Using Lemma 2.2 and partial summation formula, we have 


iad A 


m>y m<t 


66 k-1 
=| —d t)/ c;(logt)? + O(te*t*) 
y j=0 


= S- Cj I. wAlt(log t)’) at: O(y3te8te) 


_ ee ve See a Rae 
=) xcjy *[(logy)? + 550g y)? + 550 — Ios y) seedy = etd 


Since y = ¢/2, we have logy = 3 (log x — log z), inserting this into (13), we can get 


S, = C*(3)a — S11 — Sto + O(y FE + ry BOF EY, (14) 
where 
g 1a aa on ji 1)*(1 a 
LG ene Oe j (log x)?~*(—1)* (log z)*, 
j=l i=0 
3.1 2 ee gt — 8 j-i-s s 8 
Siz = Fa28 2° > Gap 2, C-dlog) (—1)° (log z)°. 


By Lemma 2.2, we get 


S250 SS B=! ido (we fF) +0( (9) ] 


l<z Zz l<z = 
= ee * (15) 
k-1 j 
ee) Cj 4 ji a = i <3 apa 
Dg a ee) (1) a 3 (log 1)' + O(ay~3+e*+*), 


where 


Yrs dogi' = fo t~5 (log t)*d[E] ie riogoiars [ t-3(logt)'dA(t). (16) 


We can easily get that A(t) = O(1). Using partial integral formula, we have 


| “173 dog t)'dA (t) = ws + (274+), (17) 


where w; is a constant. We can also obtain that 


| “eS loge)'dt = 328 00g.) — 3)%z8 logay + + IK). (8) 
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Combing (15)—(18), we have 


So = x3 Qx—1(log t) + S21 + S29 + O(ay Port? ), (19) 
where 
os ee i 
Ora (logt) = S> FY Ci log 2)-*(—1)'wi - (-1)'G a), 
j=0~ i=0 
ae Cj d i gee i i 
So = gem y 37 2 Ci(l0g 2) (—1)"(log z)’, 
j=0 1=0 
k-1 é g i-1 3 ‘ 
1-2 j ‘ = i s—ij? \i-st1" 8 
Son = 2h YD Gilley“) IG Flow) 
j= — s= 


For S3, we have 


m<y l<z 
k-1 (20) 
=yz> _ cj(logy)’ + O(y™*t*z + y'**). 
j=0 


Inserting y = ¢/£, and logy = }(log a — log z) into (20), then 


S3 = S31 + Ol(y**téz + Cee (21) 
where 
1 2 ay Cj j . oe 7 : 
S31 = 2323 S- ai Ci (log x)9~"(—1)* (log z)". 
j=0~ i=0 
Note that Ct = AG ar After some simplification we can easily get that $j, + $3; = 


1 l-a 
$21, Sig = Soo. Taking y= 24-% ,z = aiman , then Theorem 3.1 is proved. 


84. Proof of Theorem 1.1 


For r > 1, from Lemma 2.1, we have H(s) := >), h(n) is absolutely convergent for 
Rs > z, and then 
S- | h(n) |«K w8t, 
n<ux 
Let Fs) = C(s\¢? “1 (8s) = Loy where f(n) = dx(m). From Theorem 3.1, we have 
Yo Fm) = SF dal) = CF(B)x + 24 Qe-a(log 2) + Of E*), (22) 
n<a mil<ax 
and we choose k = 2~" — 1. From Lemma 2.1, we have 
(6 (n))" = SO AC) FO, (23) 


n=kl 


then, by Lemma 2.3 we can get the Theorem 1.1. 
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Abstract The stress of a vertex is a node centrality index, which has been introduced 


by Shimbel (1953). The stress of a vertex in a graph is the number of geodesics (shortest 


paths) passing through it. A topological index of a chemical structure (graph) is a number 


that correlates the chemical structure with chemical reactivity or physical properties. In this 


paper, we introduce a new topological index for graphs called stress-sum index using stresses of 


vertices. Further, we establish some inequalities, prove some results and compute stress-sum 


index for some standard graphs. 
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81. Introduction 


For standard terminology and notion in graph theory, we follow the text-book of 


Harary [5]. The non-standard will be given in this paper as and when required. 


Let G = (V,£) be a graph (finite and undirected). The distance between two vertices u 


and v in G, denoted by d(u,v) is the number of edges in a shortest path (also called a graph 


geodesic) connecting them. We say that a graph geodesic P is passing through a vertex v in G 


if v is an internal vertex of P (i.e., v is a vertex in P, but not an end vertex of P). The degree 


of a vertex v in G is denoted by d(v). 


The concept of stress of a node (vertex) in a network (graph) has been introduced by 


Shimbel as centrality measure in 1953 [9]. This centrality measure has applications in biology, 


1Corresponding author: pskreddy@jssstuniv.in; pskreddy@sjce.ac.in 
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sociology, psychology, etc., (See [6,8]). The stress of a vertex v in a graph G, denoted by stre(v) 
str(v), is the number of geodesics passing through it. We denote the maximum stress among 
all the vertices of G by Og and minimum stress among all the vertices of G by 0g. Further, 
the concepts of stress number of a graph and stress regular graphs have been studied by K. 
Bhargava, N.N. Dattatreya, and R. Rajendra in their paper [1]. A graph G is k-stress regular 
if str(v) =k for all v € V(G). 


The Zagreb indices have been defined using degrees of vertices in a graph to explain some 
properties of chemical compounds at molecular level [2,3]. The first Zagreb index M,(G) and 
the second Zagreb index M2(G) of a simple graph G are defined as: 


M(G)= > dv)? (1) 
vEV(G) 

Mo(G)= Y> d(wd(v). (2) 
uve E(G) 


By the motivation of these indices, Rajendra et al. [7] have introduced two topological 
indices of for graphs called first stress index and second stress index, using stresses of vertices. 
The first stress index S,(G) and the second stress index S2(G) of a simple graph G are defined 


as 
S(G)= Y=. str(v)? (3) 
veEV(G) 
S2(G)= S__ str(u)str(v). (4) 
uve E(G) 


We note that the first Zagreb index M,(G) satisfies the identity 


M(G)= SY) d(u) + d(v) (5) 


uve E(G) 
but S|(G) does not satisfy such identity. For instance, consider the path P3 on 3 vertices. 


U1 v2 U3 


Figure 1: The path P3. 


The stresses of the vertices of P3 are as follows: str(v,) = str(v3) = 0 and str(v2) = 1. The 
first stress index of P3 is, 


S\(P3) = str(v1)? + str(v2)? + str(vs)? = 0? + 1? +0? = 1. 
But 


YS" str(u) + str(v) = str(v,) + str(va) + str(v) +str(v3) =0+1+1+0=2. 
uv€ E(P3) 
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Therefore there is a scope for introducing a new topological index using stress on vertices which 
is motivated by the identity (5). In this paper we introduce such topological index for graphs 
using stress on vertices called stress-sum index. Further, we establish some inequalities and 


compute stress-sum index for some standard graphs. 


§2. Stress-Sum Index for Graphs 
Definition 2.1. The stress-sum index SS(G) of a simple graph G is defined as 


SS(G) = S- str(u) + str(v) (6) 
uv€E(G) 


Observation: From the Definition 2.1, it follows that, for any graph G, 
2Mbg < SS(G) < 2mMOG 


where m is the number of edges in G. 
Example 2.2. Consider the graph G given in Figure 2. 


U1 U3 
e ee ® 
eo —~@ 
U7 U8 
U4 U6 


Figure 2: A graph G 


The stresses of the vertices of G are as follows: 
str(v1) = str(v3) = str(v7) = str(vg) = 0, 
str(v2) = 19, 

str(vs) = 1, 

str(va) = str(ve) = 0. 

The stress-sum index of G is: 


SS(G) =(str(v2) + str(v1)) + (str(ve) + str(v3)) + (str(v2) + str(v7)) 
+ (str(v2) + str(vg) + (str(v2) + str(va)) + (str(v2) + str(vs5)) 
+ (str(v2) + str(ve)) + (str(va) + str(vs)) + (str(vs) + str(v6)) 
=(19+ 0) + (19+ 0) + (19+ 0) + (19 + 0) + (19 + 0) + (19 + 1) 
+(19+0)+(0+1)+(1+0) 
=136. 
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Proposition 2.3. Let N be the number of geodesics of length > 2 in a graph G. Then 
0 <SS(G) < 2N(|E| — t), (7) 
where t is the number of edges with end vertices having zero stress in G. 


Proof. If N is the number of all geodesics of length > 2 in a graph G, then by the definition of 
stress of a vertex, for any vertex v in G, 0 < str(v) < N. Hence by the Definition 2.1, we have 


0<SS(G) < 2N(\E| —¢), (8) 


where t is the number of edges with end vertices having zero stress in G. 


Corollary 2.4. If there is no geodesic of length > 2 in a graph G, then SS(G) = 0. Moreover, 
for a complete graph Ky, SS(Ky) = 0. 


Proof. If there is no geodesic of length > 2 in a graph G, then N = 0. Hence, by the Proposi- 
tion 2.3., we have SS(G) = 0. 
In Kn, there is no geodesic of length > 2 and so SS(K,,) = 0. 


Theorem 2.5. For a graph G, SS(G) = 0 if and only if neighbours of every vertex induce a 
complete subgraph of G. 


Proof. Suppose that SS(G) = 0. Then by the Definition 2.1(Eq.(3)), str(w) + str(v) = 0, 
Yuu € E(G). Hence str(v) = 0, Vv € V(G). Let v € V(G). We need to show that neighbors of 
v induce a complete subgraph of G. If v is a pendant vertex, then there is nothing to prove. 
Suppose that v is not a pendant vertex. We claim that any two neighbouring vertices are ad- 
jacent in G. If there are two neighbours u and w of v that are not adjacent in G, then ww is 
a graph geodesic passing through v, which implies str(v) > 1, a contradiction. Hence our claim 
holds. Thus neighbours of v induce a complete subgraph of G. Since v is arbitrary in V(G), 
the neighbours of every vertex induce a complete subgraph of G. 


Conversely, suppose that neighbours of every vertex in G induce a complete subgraph of G. 
Let v € V(G). Since neighbors of v induce a complete subgraph of G, any two neighbouring 
vertices are adjacent and so there is no geodesic of length > 2 passing through v. Since v is an 
arbitrary vertex in G, by the Corollary 2.4, it follows that SS(G) = 0. 


Proposition 2.6. For the complete bipartite Kmn, 


Proof. Let Vi = {v1,..-,Um} and V2 = {u1,..., tn} be the partite sets of Ky. We have, 


str(v;) = mn) forl<i<m (9) 
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and 
mim — 1 
str(u;) = mn) forl<j<n. (10) 


Using (9) and (10) in the Definition 2.1, we have 


SS(Kmn) = S- str(u) + str(v) 
uve E(G) 


S- str(v,;) + str(u;) 


l<ixm, 1<j<m 


> ES Diy wee ) 


l<i<m, l<j<n 


n(n—1)  m(m—1) 
mn| a 
= SS n(n = 1) + m(m = 1). 


I 


I 


Proposition 2.7. If G=(V,E) is a k-stress regular graph, then 


SS(G) = 2k| EI. 


Proof. Suppose that G is a k-stress regular graph. Then 
str(v) =k for all v € V(G). 
By the Definition 2.1, we have 


SS(G) = bs str(u) + str(v) 


uve E(G) 
= \> k+k 
uve E(G) 
= 2k|E|. 
Corollary 2.8. For a cycle Cy, 
nti Die = 3) if n is odd 
SS(C,) = 
n?(n — 2) ast. 
; if n is even. 
4 
Proof. For any vertex v in C;,, we have, 
Ure AN OSS). ah ia 
8 
str(v) = 
n(n — 2) ipund 
3 ; if n is even. 
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Hence C,, is 


—1)\(n— 
(1 n= 9) stress regular, if m is odd 
—2 
ae 3 Dinas regular, if n is even. 
Since C;, has n vertices and n edges, by the Proposition 2.7, we have 
—1)\(n— 
ae ae) if n is odd 
SS(C,) = 2n x 
n(n — 2) pas 
— 3 if n is even. 
—1)in— 
Mn Wn) ifn is odd 
a y) 
—2 
cae if n is even. 


Proposition 2.9. Let T be a tree on n vertices. Then 


SS(T) = >> SX jepiic#it So leper 


uved | 1<i<j<m(u 1<i<jf<m(v 
StGIs 


+> DS OlePie?. 


wEQ 1<i<j<m(w) 


where J is the set of internal(non-pendant) edges in T, Q denotes the set of all vertices adjacent 
to pendent vertices in T, and the sets C7,...,C%, denotes the vertex sets of the components of 


T —v for an internal vertex v of degree m = m(v). 


Proof. We know that a pendant vertex in T has zero stress. Let uv be an internal vertex of T 
of degree m = m(v). Let C},...,C”, be the components of T — v. Since there is only one path 


between any two vertices in a tree, it follows that, 


str(v) = $0 ICPIIC}I (11) 


1<i<j<m 


Let J denotes the set of internal(non-pendant) edges, and P denotes pendant edges and Q 
denotes the set of all vertices adjacent to pendent vertices in T. Then using (11) in the Defini- 
tion 2.1 (6), we have 


SS(T) = S~ str(u) +str(v) + > str(u) + str(v) 
uvEed uvEeP 
= S- str(u) + str(v) + ‘> str(w) 
uvEeTd weQ 
=>} Dd letiesi+ So epics 
uved | 1<i<j<m/(u) 1<i<j<m(v) 


+>> SO lcPicy. 


WEQ 1<i<j<m(w) 
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Corollary 2.10. For the path P, on n vertices 


SS(P;) = sn(n ~1)(n — 2). 


Proof. The proof of this corollary follows by above Proposition 2.9. We follow the proof of the 
Proposition 2.9 to compute the index. Let P,, be the path with vertex sequence vj, v2,..-,Un 
(shown in Figure 3). 


U1 v2 U3 U4 Un-1 Un 


We have, 


Then 


SS(P,) = S- str(w) + str(v) 
uve E(Pr) 
= y str(v;) + str(vi+1) 
2 Ye I)(n - i) + ()(n- 4-1] 
1 


= grin —1)(n—- 2). 


Proposition 2.11. Let Wd(n,m) denotes the windmill graph constructed for n > 2 and 


m > 2 by joining m copies of the complete graph K,, at a shared universal verter v. Then 


m?(m — 1)(n — 1)° 
2 


SS(Wd(n,m)) = 
Hence, for the friendship graph Fy, on 2k +1 vertices, 


SS(F,) = 4k?(k — 1). 


Proof. Clearly the stress of any vertex other than universal vertex is zero in Wd(n,m), because 
neighbors of that vertex induces a complete subgraph of Wd(n,m). Also, since there are m 
copies of kK, in Wd(n,m) and their vertices are adjacent to v, it follows that, the only geodesics 
m(m — 1)(n — 1)? 


passing through v are of length 2 only. So, str(v) = 5 


. Note that there are 
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m(n—1) edges incident on v and the edges that are not incident on v have end vertices of stress 


zero. Hence by the Definition 2.1, we have 


SS(Wd(n,m)) = m(n — 1)str(v) 


m?(m — 1)(n —1)° 
- 


Since the friendship graph F, on 2k + 1 vertices is nothing but Wd(3,k), it follows that 


SS(Fi) = a = 4k?(k — 1). 


Proposition 2.12. Let W,, denotes the wheel graph constructed on n > 4 vertices. Then 
(n — 1) (7m — 10) (n — 4) 
8 ’ 
(n — 1)? (7n — 25) 
8 >) 


if n is even; 


SS(Wn) a 


if n is odd. 


Proof. In W,, with n > 4, there are (n — 1) peripheral vertices and one central vertex, say v. It 


is easy to see that 

(n — 1)(n — 4) 
2 

Let p be a peripheral vertex. Since v is adjacent to all the peripheral vertices in W,,, there is 


str(v) = (12) 


no geodesic passing through p and containing v. Hence contributing vertices for str(p) are the 
rest peripheral vertices. So, by denoting the cycle W,, — p (on n—1 vertices) by C,_1, we have 


strw, (p) = strw,,—»(p) 


= st¥c,_1 (p) 
= ifn — 1 is odd: 
ins Hin — a) if n — 1 is even, 
(ee 2a — a) if n is even; 
= ; ‘ (13) 
ae if n is odd. 


Let us denote the set of all radial edges in W,, by R, and the set of all peripheral edges by Q. 
Note that there are (n — 1) radial edges and (n — 1) peripheral edges in W,,. Using (12) and 
(13) in the Definition 2.1, we have 


SS(W,) = S© [str(x) + str(y)] + $5 [str(x) + str(y)] 
zyER xryecQ 


=(n — 1)[str(v) + str(p)] + (n — 1) -2- str(p) 
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(n-2)n-4) 
epi fencer — 5 if n is even; | 
PF ee t0=8)tnoae 
: ; : 
es) if n is even; 
+2(n—1)x : 
DIGAINEE) > Se aaaga 
- : : 
; Ss | —— soe aneiate 
(n—1)?(n—-4)  3(n—1)?(n —3) We ae 
5 3 ; if n is odd. 
UGS One) if n is even; 
8 9 ? 
| = bP Gn = 25) if n is odd 
‘ : ; 


Conclusion 


We have introduced a new topological index for graphs called stress-sum index using stress- 
es of vertices. Further, we established some inequalities, proved some results and computed the 
stress-difference index for some standard graphs. A large number of molecular-graph-based 
structure descriptors (topological indices) have been defined, depending on vertex degrees. But 
in this paper, we have defined the new topological index for graphs without using the degrees 
of vertices. This index can be used to determine SS(G) for other classes of graphs and results 
in this direction will be reported in a subsequent paper. 
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